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ABSTRACT. In this paper we consider a nonuniform unstability con-
cept for evolution operators in Banach spaces. The relationship between
this concept and the Perron condition is studied. Generalizations to the
nonuniform case of some results of Van Minh, Rébiger and Schnaubelt
are obtained. The theory we present here is applicable for general time -
varying linear equations in Banach spaces.

1. EVOLUTION OPERATORS WITH EXPONENTIAL GROWTH

Let X be a real or complex Banach space. The norm on X and on the
Banach algebra B(X) of all bounded linear operators from X into itself will
be denoted by || - ||. We recall that if

A= {(t,to) ERZ 1t >t}

then an application ® : A — B(X) is called evolution operator on X if it
satisfies the following conditions:

e1) ®(t,t) = I (the identity operator on X)) for every t > 0;
e2) ®(t, 5)D(s,tg) = ®(t,t0), for all (¢,5), (s, t0) € A;

e3) for every t,tp € Ry and every € X the mappings s — ®(¢,s)z and
s+ ®(s,tg)x are continuous on [0,¢] and on [tg, 00), respectively.

If ®: A — B(X) is an evolution operator on X, then we introduce the

mapping
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U:R, — B(X), U(t)=(t0).

REMARK 1.1. If U(t) is invertible for every ¢ € Ry, then ®(¢,p) is
invertible for all (¢,%9) € A and

(t,tg) = U(t)V(ty), where V(t)=U"'(t).
In this case, for 0 <t <ty we define

Ot to) = @ (to,t) = U(t)V(to)
and the equality from es) holds for all ¢,¢y > 0.

DEFINITION 1.1. The evolution operator ® : A — B(X) is said to be
with

i) nonuniform exponential growth if there are M,w : R4 — R* = (0, 00) such
that

» L0 > © B ) T > L0 ;
[B(t, t0)|| < M(tg)e® ) t=t0)  for all (¢,t0) € A

i) uniform exponential growth if there exist M,w > 0 such that
|B(t, t0)|| < Me*%) | for all (t,t9) € A.

REMARK 1.2. The evolution operator ® : A — B(X) is with nonuniform
exponential growth if and only if there are M,w : Ry — R such that

19 (2, to)aol| < M(s)e) =] |@(s, to) o]
for all (¢,s), (s, to) € A and all 2y € X.

Similar equivalence holds for the case of evolution operators with uniform
exponential growth.

REMARK 1.3. If U(t) = ®(¢,0) is invertible for all ¢ > 0 then the following
statements are equivalent:

i) ® is with nonuniform exponential growth;
ii) there exist M,w: Ry — R such that
19 (to, t)zol| = M (tg)e™ ) 0] ||
for all (t,%0) € A and all 2 € X;
ili) there are M,w : R4 — R such that

1U ()0l < M (to)e ™) 10U (to)o|
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for all (¢,%p) € A and all zp € X.

2. EXPONENTIAL UNSTABLE EVOLUTION OPERATORS

Let ® : A — B(X) be an evolution operator on a Banach space X.

DEFINITION 2.1. ® is said to be

i) nonuniformly exponentially unstable if there exist a constant ¥ > 0 and a
function N : Ry — R} such that

N (t)[|@(t, to)zol| > "=
for all (¢,%0) € A and all zy € X;

i) uniformly exponentially unstable if there are N,v > 0 such that

N[ (#, to)wol| > €~ ||
for all (¢,%0) € A and all 2y € X.

REMARK 2.1. The evolution operator ® is nonuniformly exponentially
unstable if and only if there are v > 0 and a function N : Ry — R such
that

N(@®)I|®(t,to)zol| = €”~||@(s, to)zol|
for all (t,s), (s,t0) € A and all zy € X.

REMARK 2.2. If U(t) is surjective for all ¢ > 0 then the following asser-
tions are equivalent:

i) @ is nonuniformly exponentially unstable;
ii) for all (¢,t9) € A, ®(t,1p) is invertible and there exist v > 0 and a function
N : R, — R such that
19 (t0, t)aoll < N(t)e™ =10 |||
for all (¢,%9) € A and all 2 € X;

iii) there are v > 0 and a function N : Ry — R such that

N(@)[[U(#)zol| > "= *)||U (to) o]
for all (¢,%0) € A and all zp € X.

Similar equivalences hold for the case of uniform exponential unstability.
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3. AUXILIARY RESULTS

We start with the following

LeMmMA 3.1. Let f: Ry — RY be a continuous function such that there
are ¢ >0 and M,w : Ry — R with the properties:

i) f:o f@&)dt < cf(s), for all s > 0;

i) f(s) < M(s)ew®) =) £(1), for all (t,s) € A.
Then

t—s

f@) <cw@)M@)e = f(s), forall(t s)e€A.

Proor. The function F': Ry — R defined by

Fes)= [ s
is differentiable with

F(s) < cf(s) = —cF (s), forall s> 0.
This inequality implies

F(t) < F(s)e_tiTS, for all (¢,s) € A.
We observe that

F(S) B 0o f(t) oo efw(s) (t—s) B 1
7(s) ‘/s ok Z/s M) T o) M)

for all s > 0. Hence

F() < wOMOF() < w(t) M()F(s)e

which concludes the proof. O

LEMMA 3.2. Let ® : A — B(X) be an evolution operator with nonuniform
exponential growth and with the property that U(t) = ®(t,0) is invertible, for
allt > 0.

If there exists ¢ > 0 such that

= U (s)ol|
0 dt < ¢, for all s> 0 and all zo € X \ {0}
/s U)ol

then there is N : Ry — R such that

NO|U @ )wol| > e {|U(to)xol|, for all (t,t0) € A and all zo € X.
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PRrROOF. We apply Lemma 3.1. to the function

1

where 29 € X \ {0}.
Indeed, from hypothesis we have that

/ f@)dt <cf(s), foralls>0.
and by Remark 1.3. it follows

f(s) < M(s)e*® =) (1), for all (t,s) € A.
Then by Lemma 3.1. we have

1 t—s ‘s 1
T = (0 Scw®M(t)em e f(s) = cw(t)M(t)e” e,
U (@)l IO
for all (t,s) € A. Setting N(t) = cw(t)M(t), for all ¢ > 0, we obtain the
conclusion. <

4. COMPLETE ADMISSIBILITY AND NONUNIFORM EXPONENTIAL
UNSTABILITY

In what follows we shall denote by C' the Banach space of all continuous
functions v : Ry — X with the property that tlim u(t) = 0. The norm on C

is defined by

[ulll = sup [[u@®)[|, ue€C.
t>0

Simillary, if ¢t > 0 then C(to) denotes the set of all continuous functions
u: [tg,00) — X with tlim u(t) = 0.

DEFINITION 4.1. We say that the evolution operator ® : A — B(X)
satisfies the Perron condition or the pair (C, C) is completely admissible for ®
if for every to > 0 and for every u € C(to) there exists an unique ¢,, € C(to)
such that

(1) ou(t) = P, s)pu(s) +/ D (t, T)u(T) dr

for all (¢, s), (s,t0) € A.
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REMARK 4.1. If the pair (C, C) is completely admissible for ® then there
exists ¢ > 0 such that

lleulll < clllull], for all u € C,
where ¢, is given by (1).
To prove this, by using the closed graph theorem, it is sufficient to show
that the linear mapping

P:C—C, P(u) = @y
is closed.
Indeed, if up, — w in C and Pu, — v in C then u,(t) — u(t) and
Pu,(t) — v(t) uniformly on R;. By dominated convergence theorem, we
have

v(t) = lim Pu,(t) = lim ®(t,s) Puy(s) + lim t@(t,T)un(T) dr =

n—oo n—oo n—oo s

= (¢, ) v(s) Jr/ lim ®(t, 7)un, (1) dr = ®(t, s) v(s) +/ O(t, )u(r)dr

n—oo
S

for all (¢,s) € A. This shows that Pu = v, so P is closed. 0

THEOREM 1. If the pair (C, C) is completely admissible for ® then U(t) =
®(t,0) is bijective, for all t > 0.

PROOF. Injectivity. Suppose the contrary, i.e. there exists tg > 0 and
To 7é 0 such that U(to)l‘o = 0.

By complete admissibility of (C,C) for ® it follows that for ug(t) = 0
there is an unique function ¢ € C such that

o(t) = B(t,s)p(s), forall (¢,s) € A.
Because @1 (t) = 0 and ¢2(t) = U(t)x satisfy this equation, it follows that

U(t)zp = 0. for all ¢ > 0.
This shows that xg = U(0)xg = 0. which is a contradiction.
Surjectivity. Let tg > 0 and yo € X. We shall prove that there exists
xo € X such that yo = U(to)xo.
Let @ : Ry — [—1,1] be a continuous function with compact support
such that

supp o C (tg,00) and / a(s)ds =1,
to

and let ¢ : [tg, 00) — X be defined by
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v = [ als)ds Bt to)
t
Then
_ _ | —a)®(t,to)yo, if t>to
u:Ry — X, U(t){ 0, if tel0.ty)

belongs to C' and using the complete admissibility of (C,C) for @, it follows
that there exists an unique ¢,, € C such that (1) holds.
On the other hand, we observe that if (¢, s), (s,t0) € A then

t
U(t) = D(t, s)P(s) +/ O(t, 7)u(r)dr
i.e. ¢ verifies the relation (1) for ¢ > s > tg.
By Definition 1. it follows that

P(t) = pu(t), forall t > 1o,
which implies that

Yo = ’L/)(to) = (pu(to) = @(to, O)QPU(O) +/0 ’ (I)(to, T)U(T) dT = U(to)l‘o
where zg = ,(0). a

THEOREM 4.2. Let & : A — B(X) be an evolution operator with nonuni-
form exponential growth. If the pair (C,C) is completely admissible for ®,
then ® is nonuniformly exponentially unstable.

PRrOOF. For n € N* we counsider a continuous function «,, : R4 — [0.1]
such that

1, if t<n
O‘"(t)_{o. it t>ntl

If the pair (C, C) is completely admissible for ® then by the previous theorem
we have that

U(t)xo # 0. forallt>0 and all g # 0.
Let 29 € X \ {0}. For every n € N* we define:

o U (t)xo

» . R X, n(t) = .
un B = X un®) = = ]

If we denote by
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_  an (1)U (t)x0 .
wnlt) = | Tl ©

then we observe that for every (¢,s) € A

D(t, 8)1n(s) +/ D(t, T)un () dr = /OO % dr —
3 L ®(t, 7)o (T)U (T)20 o (1)U (t)x0 -
Il o e

i.e. 1y, is a solution of (1) for u = uy,.
By the uniqueness of 1,, and by Remark 1. it follows that there exists
¢ > 0 such that

[lonll] < ¢ |lfunl]]-
Using the fact that |||u,||| = 1 we obtain that

00 n t
/ IOl ;- . for all ¢ > 0 and all n € N*,
¢ [|U (7)ol

For n — oo we have :

/ Mool \ o for ¢ > 0.
+ ||U(7—)x0||

By Lemma 3.2. and Remark 2.2. it results that ® is nonuniformly expo-
nentially unstable. O

REMARK 4.2. In [6] N. van Minh, F. Rébiger and R. Schnaubelt have
proved that for an evolution operator ® with uniform exponential growth
the pair (C,C) is completely admissible for ® if and only if ® is uniformly
exponentially unstable and ®(¢, o) is invertible, for all (¢,¢y) € A. For the case
of evolution operators with nonuniform exponential growth this equivalence
is not valid, as the following example shows.

EXAMPLE 4.1. Let X = R, v(t) = e! =45 and

O(t,s)x = % x

for all (¢,s) € A and all z € R. Then ® is an evolution operator on R with

|<I>(t,s)a:| _ et74tsinte4sinsfs|x| > 67326 675S|.T|.
It follows that ® is nonuniformly exponentially unstable with N (¢) = e8¢
and v = 5. We prove that the pair (C, C) is not completely admissible for ®.
For u(t) = e~ suppose that there exists ¢, € C such that (1) holds. Then:
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t
Pu(t) = 7(t) (pu(0) +/ ehssins=2s05) - for all t > 0.
0

For t, = 2n7 + 2Z we have that y(t,) = ¢ and:

tn ) 2nm+% ) -
/ e4szn572sds > / 64551n572sd8 > Zenm,
0 2

n7r+§ 4
It follows that

Ou(tn) > e (p,(0) + %e””), for all n € N*
which contradicts the assumption that ¢, € C. O
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