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Abstract. In this paper we consider a nonuniform unstability con-
cept for evolution operators in Banach spaces. The relationship between
this concept and the Perron condition is studied. Generalizations to the
nonuniform case of some results of Van Minh, Räbiger and Schnaubelt
are obtained. The theory we present here is applicable for general time -
varying linear equations in Banach spaces.

1. Evolution operators with exponential growth

Let X be a real or complex Banach space. The norm on X and on the
Banach algebra B(X) of all bounded linear operators from X into itself will
be denoted by ‖ · ‖. We recall that if

∆ = {(t, t0) ∈ R2
+ : t ≥ t0}

then an application Φ : ∆ → B(X) is called evolution operator on X if it
satisfies the following conditions:

e1) Φ(t, t) = I (the identity operator on X) for every t ≥ 0;

e2) Φ(t, s)Φ(s, t0) = Φ(t, t0), for all (t, s), (s, t0) ∈ ∆;

e3) for every t, t0 ∈ R+ and every x ∈ X the mappings s 7→ Φ(t, s)x and
s 7→ Φ(s, t0)x are continuous on [0, t] and on [t0,∞), respectively.

If Φ : ∆ → B(X) is an evolution operator on X , then we introduce the
mapping
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U : R+ → B(X), U(t) = Φ(t, 0).

Remark 1.1. If U(t) is invertible for every t ∈ R+, then Φ(t, t0) is
invertible for all (t, t0) ∈ ∆ and

Φ(t, t0) = U(t)V (t0), where V (t) = U−1(t).

In this case, for 0 ≤ t < t0 we define

Φ(t, t0) = Φ−1(t0, t) = U(t)V (t0)

and the equality from e2) holds for all t, t0 ≥ 0.

Definition 1.1. The evolution operator Φ : ∆ → B(X) is said to be
with

i) nonuniform exponential growth if there are M,ω : R+ → R∗
+ = (0,∞) such

that

||Φ(t, t0)|| ≤M(t0)e
ω(t0) (t−t0), for all (t, t0) ∈ ∆;

ii) uniform exponential growth if there exist M,ω > 0 such that

||Φ(t, t0)|| ≤Meω(t−t0), for all (t, t0) ∈ ∆.

Remark 1.2. The evolution operator Φ : ∆ → B(X) is with nonuniform
exponential growth if and only if there are M,ω : R+ → R∗

+ such that

||Φ(t, t0)x0|| ≤M(s)eω(s) (t−s)||Φ(s, t0)x0||
for all (t, s), (s, t0) ∈ ∆ and all x0 ∈ X.

Similar equivalence holds for the case of evolution operators with uniform
exponential growth.

Remark 1.3. If U(t) = Φ(t, 0) is invertible for all t ≥ 0 then the following
statements are equivalent:

i) Φ is with nonuniform exponential growth;

ii) there exist M,ω : R+ → R∗
+ such that

||Φ(t0, t)x0|| ≥M(t0)e
−ω(t0) (t−t0)||x0||

for all (t, t0) ∈ ∆ and all x0 ∈ X ;

iii) there are M,ω : R+ → R∗
+ such that

||U(t)x0|| ≤M(t0)e
ω(t0) (t−t0)||U(t0)x0||
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for all (t, t0) ∈ ∆ and all x0 ∈ X.

2. Exponential unstable evolution operators

Let Φ : ∆ → B(X) be an evolution operator on a Banach space X .

Definition 2.1. Φ is said to be

i)nonuniformly exponentially unstable if there exist a constant ν > 0 and a
function N : R+ → R∗

+ such that

N(t)||Φ(t, t0)x0|| ≥ eν(t−t0)||x0||
for all (t, t0) ∈ ∆ and all x0 ∈ X ;

ii) uniformly exponentially unstable if there are N, ν > 0 such that

N ||Φ(t, t0)x0|| ≥ eν(t−t0)||x0||
for all (t, t0) ∈ ∆ and all x0 ∈ X.

Remark 2.1. The evolution operator Φ is nonuniformly exponentially
unstable if and only if there are ν > 0 and a function N : R+ → R∗

+ such
that

N(t)||Φ(t, t0)x0|| ≥ eν(t−s)||Φ(s, t0)x0||
for all (t, s), (s, t0) ∈ ∆ and all x0 ∈ X.

Remark 2.2. If U(t) is surjective for all t ≥ 0 then the following asser-
tions are equivalent:

i) Φ is nonuniformly exponentially unstable;

ii) for all (t, t0) ∈ ∆, Φ(t, t0) is invertible and there exist ν > 0 and a function
N : R+ → R∗

+ such that

||Φ(t0, t)x0|| ≤ N(t)e−ν(t−t0)||x0||
for all (t, t0) ∈ ∆ and all x0 ∈ X ;

iii) there are ν > 0 and a function N : R+ → R∗
+ such that

N(t)||U(t)x0|| ≥ eν(t−t0)||U(t0)x0||
for all (t, t0) ∈ ∆ and all x0 ∈ X .

Similar equivalences hold for the case of uniform exponential unstability.
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3. Auxiliary results

We start with the following

Lemma 3.1. Let f : R+ → R∗
+ be a continuous function such that there

are c > 0 and M,ω : R+ → R∗
+ with the properties:

i)
∫∞

s f(t) dt ≤ cf(s), for all s ≥ 0;

ii) f(s) ≤M(s)eω(s) (t−s)f(t), for all (t, s) ∈ ∆.
Then

f(t) ≤ c ω(t)M(t) e−
t−s

c f(s), for all (t, s) ∈ ∆.

Proof. The function F : R+ → R∗
+ defined by

F (s) =

∫ ∞

s

f(t) dt

is differentiable with

F (s) ≤ cf(s) = −cF ′

(s), for all s ≥ 0.

This inequality implies

F (t) ≤ F (s)e−
t−s

c , for all (t, s) ∈ ∆.

We observe that

F (s)

f(s)
=

∫ ∞

s

f(t)

f(s)
dt ≥

∫ ∞

s

e−ω(s) (t−s)

M(s)
dt =

1

ω(s)M(s)

for all s ≥ 0. Hence

f(t) ≤ ω(t)M(t)F (t) ≤ ω(t)M(t)F (s)e−
t−s

c ≤ c ω(t)M(t)e−
t−s

c f(s),

which concludes the proof.

Lemma 3.2. Let Φ : ∆ → B(X) be an evolution operator with nonuniform
exponential growth and with the property that U(t) = Φ(t, 0) is invertible, for
all t ≥ 0.

If there exists c > 0 such that

∫ ∞

s

||U(s)x0||
||U(t)x0||

dt ≤ c, for all s ≥ 0 and all x0 ∈ X \ {0}

then there is N : R+ → R∗
+ such that

N(t)||U(t)x0|| ≥ e
t−t0

c ||U(t0)x0||, for all (t, t0) ∈ ∆ and all x0 ∈ X.
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Proof. We apply Lemma 3.1. to the function

f : R+ → R∗
+, f(t) =

1

||U(t)x0||
,

where x0 ∈ X \ {0}.
Indeed, from hypothesis we have that

∫ ∞

s

f(t) dt ≤ cf(s), for all s ≥ 0.

and by Remark 1.3. it follows

f(s) ≤M(s) eω(s) (t−s) f(t), for all (t, s) ∈ ∆.

Then by Lemma 3.1. we have

1

||U(t)x0||
= f(t) ≤ c ω(t)M(t)e−

t−s
c f(s) = c ω(t)M(t)e−

t−s
c

1

||U(s)x0||
,

for all (t, s) ∈ ∆. Setting N(t) = cω(t)M(t), for all t ≥ 0, we obtain the
conclusion.

4. Complete admissibility and nonuniform exponential

unstability

In what follows we shall denote by C the Banach space of all continuous
functions u : R+ → X with the property that lim

t→∞
u(t) = 0. The norm on C

is defined by

|||u||| = sup
t≥0

||u(t)||, u ∈ C.

Simillary, if t0 ≥ 0 then C(t0) denotes the set of all continuous functions
u : [t0,∞) → X with lim

t→∞
u(t) = 0.

Definition 4.1. We say that the evolution operator Φ : ∆ → B(X)
satisfies the Perron condition or the pair (C,C) is completely admissible for Φ
if for every t0 ≥ 0 and for every u ∈ C(t0) there exists an unique ϕu ∈ C(t0)
such that

(1) ϕu(t) = Φ(t, s)ϕu(s) +

∫ t

s

Φ(t, τ)u(τ) dτ

for all (t, s), (s, t0) ∈ ∆.
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Remark 4.1. If the pair (C,C) is completely admissible for Φ then there
exists c > 0 such that

|||ϕu||| ≤ c|||u|||, for all u ∈ C,

where ϕu is given by (1).
To prove this, by using the closed graph theorem, it is sufficient to show

that the linear mapping

P : C → C, P (u) = ϕu

is closed.
Indeed, if un → u in C and Pun → v in C then un(t) → u(t) and

Pun(t) → v(t) uniformly on R+. By dominated convergence theorem, we
have

v(t) = lim
n→∞

Pun(t) = lim
n→∞

Φ(t, s)Pun(s) + lim
n→∞

∫ t

s

Φ(t, τ)un(τ) dτ =

= Φ(t, s) v(s) +

∫ t

s

lim
n→∞

Φ(t, τ)un(τ) dτ = Φ(t, s) v(s) +

∫ t

s

Φ(t, τ)u(τ)dτ

for all (t, s) ∈ ∆. This shows that Pu = v, so P is closed.

Theorem 1. If the pair (C,C) is completely admissible for Φ then U(t) =
Φ(t, 0) is bijective, for all t ≥ 0.

Proof. Injectivity. Suppose the contrary, i.e. there exists t0 > 0 and
x0 6= 0 such that U(t0)x0 = 0.

By complete admissibility of (C,C) for Φ it follows that for u0(t) = 0
there is an unique function ϕ ∈ C such that

ϕ(t) = Φ(t, s)ϕ(s), for all (t, s) ∈ ∆.

Because ϕ1(t) = 0 and ϕ2(t) = U(t)x0 satisfy this equation, it follows that

U(t)x0 = 0. for all t ≥ 0.

This shows that x0 = U(0)x0 = 0. which is a contradiction.
Surjectivity. Let t0 ≥ 0 and y0 ∈ X . We shall prove that there exists

x0 ∈ X such that y0 = U(t0)x0.
Let α : R+ → [−1, 1] be a continuous function with compact support

such that

suppα ⊂ (t0,∞) and

∫ ∞

t0

α(s) ds = 1,

and let ψ : [t0,∞) → X be defined by
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ψ(t) =

∫ ∞

t

α(s)ds Φ(t, t0)y0.

Then

u : R+ → X, u(t) =

{
−α(t)Φ(t, t0)y0 , if t > t0

0 , if t ∈ [0.t0]

belongs to C and using the complete admissibility of (C,C) for Φ, it follows
that there exists an unique ϕu ∈ C such that (1) holds.

On the other hand, we observe that if (t, s), (s, t0) ∈ ∆ then

Ψ(t) = Φ(t, s)ψ(s) +

∫ t

s

Φ(t, τ)u(τ) dτ

i.e. ψ verifies the relation (1) for t ≥ s ≥ t0.
By Definition 1. it follows that

ψ(t) = ϕu(t), for all t ≥ t0,

which implies that

y0 = ψ(t0) = ϕu(t0) = Φ(t0, 0)ϕu(0) +

∫ t0

0

Φ(t0, τ)u(τ) dτ = U(t0)x0

where x0 = ϕu(0).

Theorem 4.2. Let Φ : ∆ → B(X) be an evolution operator with nonuni-
form exponential growth. If the pair (C,C) is completely admissible for Φ,
then Φ is nonuniformly exponentially unstable.

Proof. For n ∈ N∗ we consider a continuous function αn : R+ → [0.1]
such that

αn(t) =

{
1, if t ≤ n
0. if t > n+ 1

.

If the pair (C,C) is completely admissible for Φ then by the previous theorem
we have that

U(t)x0 6= 0. for all t ≥ 0 and all x0 6= 0.

Let x0 ∈ X \ {0}. For every n ∈ N∗ we define:

un : R+ → X, un(t) = −αn(t)U(t)x0

||U(t)x0||
.

If we denote by
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ψn(t) =

∫ ∞

t

αn(τ)U(t)x0

||U(τ)x0||
dτ

then we observe that for every (t, s) ∈ ∆

Φ(t, s)ψn(s) +

∫ t

s

Φ(t, τ)un(τ) dτ =

∫ ∞

s

αn(τ)U(t)x0

||U(τ)x0||
dτ −

−
∫ t

s

Φ(t, τ)αn(τ)U(τ)x0

||U(τ)x0||
dτ =

∫ ∞

t

αn(τ)U(t)x0

||U(τ)x0||
dτ = ψn(t),

i.e. ψn is a solution of (1) for u = un.
By the uniqueness of ψn and by Remark 1. it follows that there exists

c > 0 such that

|||ψn||| ≤ c |||un|||.
Using the fact that |||un||| = 1 we obtain that

∫ ∞

t

αn(τ)||U(t)x0||
||U(τ)x0||

dτ ≤ c, for all t ≥ 0 and all n ∈ N∗.

For n→ ∞ we have :

∫ ∞

t

||U(t)x0||
||U(τ)x0||

dτ ≤ c, for all t ≥ 0.

By Lemma 3.2. and Remark 2.2. it results that Φ is nonuniformly expo-
nentially unstable.

Remark 4.2. In [6] N. van Minh, F. Räbiger and R. Schnaubelt have
proved that for an evolution operator Φ with uniform exponential growth
the pair (C,C) is completely admissible for Φ if and only if Φ is uniformly
exponentially unstable and Φ(t, t0) is invertible, for all (t, t0) ∈ ∆. For the case
of evolution operators with nonuniform exponential growth this equivalence
is not valid, as the following example shows.

Example 4.1. Let X = R, γ(t) = et−4tsint and

Φ(t, s)x =
γ(t)

γ(s)
x

for all (t, s) ∈ ∆ and all x ∈ R. Then Φ is an evolution operator on R with

|Φ(t, s)x| = et−4t sin t e4 sin s−s|x| ≥ e−3t e−5s|x|.
It follows that Φ is nonuniformly exponentially unstable with N(t) = e8t

and ν = 5. We prove that the pair (C,C) is not completely admissible for Φ.
For u(t) = e−t suppose that there exists ϕu ∈ C such that (1) holds. Then:
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ϕu(t) = γ(t) (ϕu(0) +

∫ t

0

e4ssins−2sds), for all t ≥ 0.

For tn = 2nπ + 3π
2 we have that γ(tn) = e5tn and:

∫ tn

0

e4sins−2sds >

∫ 2nπ+ π
2

2nπ+ π
4

e4ssins−2sds >
π

4
enπ.

It follows that

ϕu(tn) > e10nπ (ϕu(0) +
π

4
enπ), for all n ∈ N∗

which contradicts the assumption that ϕu ∈ C.
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