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APPROXIMATION BY KANTOROVICH TYPE
GENERALIZATION OF MEYER- KÖNIG AND ZELLER

OPERATORS

Ogün Doğru and Nuri Özalp

Ankara University, Turkey

Abstract. In this study, we define a Kantorovich type generalization
of W. Meyer- König and K. Zeller operators and we will give the approxi-
mation properties of these operators with the help of Korovkin theorems.
Then we compute the approximation order by modulus of continuity.

1. Introduction

A constructive approach to the characterization of functions is to define
and approximate them in terms of some defined positive operators. A large
reference list in the study of the subject is cited for the intersted readers
([1]-[20]). Specifically, in [8], we generalized the Meyer - König and Zeller
operators. In this paper, we make a Kantorovich type generalization of the
operators Ln(f ;x) defined in [8] . Then, we give some approximation proper-
ties of these operators.

2. Kantorovich Type Generalization of Meyer-König and Zeller

Operators

Let A be a real number in the interval (0, 1). Assume that a sequence of
functions {ϕn} satisfies the following conditions:
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i. Every element of the sequence {ϕn} is analytic on a domain D contain-
ing the disk B = {z ∈ C : |z| ≤ A}

ii. ϕ
(0)
n (x) = ϕn(x) > 0

iii. ϕ
(k)
n (x) = γn(k + n) (1 + `n,k)ϕ

(k−1)
n (x) , k = 1, 2, ...

where, ϕ
(k)
n (x) = dk

dxkϕn(x), and `n,k and γn are sequences of numbers satis-
fying the conditions;

`n,k = O

(
1

n

)
, `n,k ≥ 0, γn = 1 +O

(
1

n

)
, γn ≥ 1.

For

0 < αn,k ≤ 1 (n, k = 1, 2, ...),

consider the sequence of linear positive operators

(2.1) M∗
n(f ;x) =

1

ϕn(x)

∞∑

k=0

1

αn,k

∫ k+αn,k

k

f

(
ξ

k + n

)
dξ ϕ(k)

n (0)
xk

k!

where f is an integrable function on (0, 1).
M∗

n(f ;x) is a Kantorovich type generalization of Meyer - König and Zeller
operators.

3. Approximation Properties

In this section, we give approximation properties of the operatorM ∗
n(f ;x)

with the help of Korovkin theorem.
Theorem 3.1. The sequence of linear positive operators defined by

(2.1) with conditions i− iii converges uniformly to the function f ∈ C [0, A]
in [0, A] .

Proof. It is enough to prove the conditions of Korovkin theorem [12]
which are

M∗
n(tk;x) −→ xk , k = 0, 1, 2 ,

uniformly in [0, A] .
First, since

(3.1)
1

ϕn(x)

∞∑

k=0

ϕ(k)
n (0)

xk

k!
= 1,

we get M∗
n(1;x) = 1.
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Second, we can write

M∗
n(t;x) − x = 1

ϕn(x)

∞∑
k=0

(k+αn,k)2−k2

2(k+n) ϕ
(k)
n (0)xk

k! − x

= 1
ϕn(x)

∞∑
k=0

k
k+nϕ

(k)
n (0)xk

k! + 1
2

1
ϕn(x)

∞∑
k=0

αn,k

k+nϕ
(k)
n (0)xk

k! − x

= Ln(t;x) − x+ 1
2

1
ϕn(x)

∞∑
k=0

αn,k

k+nϕ
(k)
n (0)xk

k!

where Ln(t;x) is a generalization of Meyer- König and Zeller operators de-
fined, in general, as

Ln(f ;x) =
1

ϕn(x)

∞∑

k=0

f(
k

k + n
)ϕ(k)

n (0)
xk

k!

(see [8]).
Using Ln(t;x) − x ≥ 0, we obtain M∗

n(t;x) − x ≥ 0.
On the other hand, since

αn,k

k+n ≤ 1
n we get

0 ≤M∗
n(t;x) − x ≤ Ln(t;x) − x+

1

2n
.

In [8] , it is shown that lim
n→∞

(Ln(t;x) − x) = 0. Therefore, we obtain

lim
n→∞

(M∗
n(t;x) − x) = 0, and thus the second condition of Korovkin theorem

is hold.
Finally, using iii in M∗

n(t2;x),we obtain

M∗
n(t2;x) = Ln(t2;x) + 1

ϕn(x)

∞∑
k=0

k·αn,k

(k+n)2ϕ
(k)
n (0)xk

k!

+ 1
3ϕn(x)

∞∑
k=0

α2
n,k

(k+n)2ϕ
(k)
n (0)xk

k! .

Thus we can write

M∗
n(t2;x) − x2 = Ln(t2;x) − x2 + 1

ϕn(x)

∞∑
k=0

[
k·αn,k

(k+n)2 +
α2

n,k

3(k+n)2

]
ϕ

(k)
n (0)xk

k!

≥ 0.

Now,

Ln(t2;x) − x2 ≥ 0

( See [8] ).

In addition, since
αn,k

k+n ≤ 1
n and

α2
n,k

(k+n)2 ≤ 1
n2 , the following inequality

holds:

M∗
n(t2;x) − x2 ≤ (Ln(t2;x) − x2) +

1

n
Ln(t;x) +

1

3n2
.

On the other hand

Ln(t;x) −→ x , Ln(t2;x) −→ x2
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(See [8] ). Thus M∗
n(t2;x) −→ x2. Because of Korovkin theorem, the proof is

complete.

4. The Order of Approximation

In this section, we compute the approximation order of Ln(f ;x) defined
in [8] and M∗

n(f ;x) with the help of modulus of continuity which is

(4.1) ω(f ; δ) = sup {|f(t) − f(x)| ; |t− x| ≤ δ, t, x ∈ [0, A]} .
The following theorems are analogous to one given in [7] for Gadjiev-

Ibragimov operators.
Theorem 4.1. The following inequality holds:

‖Ln(f ;x) − f(x)‖C[0,A] ≤ C ω(f ;
1√
n

)

where ω(f ; 1√
n
) is a modulus of continuity defined by (4 .1 ), and C is a positive

constant.

Proof. From well-known properties of ω(f ; δ), we can write

(4.2) |Ln(f ;x) − f(x)| ≤ ω(f ; δ)

[
1

δ
(Ln(t2;x) − 2xLn(t;x) + x2)1/2 + 1

]

If we use (3.1) and inequalities

Ln(t;x) − x ≤ (γn − 1)x+
dxγn

n
,

Ln(t2;x) − x2 ≤ x2(γ2
n − 1) +

2dx2γ2
n + xγn

n
+
x2γ2

nd
2 + xγnd

n2
,

(see[8]) in (4.2) and making the simplifications, we obtain,

|Ln(f ;x) − f(x)| ≤ ω(f ; δ)
[√

5
δ O( 1√

n
) + 1

]

≤ ω(f ; δ)
[

1
δ

C1√
n

+ 1
]
.

By choosing δ = 1√
n
, we obtain the desired result.

Theorem 4.2. Let f be uniform continuous on [0, 1] . Then, the se-
quence of linear positive operators defined by (2 .1 ) under the conditions i−iii,
satisfies the inequality

|M∗
n(f ;x) − f(x)| ≤ Cω(f ;

1√
n

).
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Proof. By using the triangle inequality, we can write
(4.3)

|M∗
n(f ;x) − f(x)| ≤ 1

ϕn(x)

∞∑

k=0

1

αn,k

k+αn,k∫

k

∣∣∣∣f
(

ξ

k + n

)
− f(x)

∣∣∣∣ dξ ϕ
(k)
n (0)

xk

k!

On the other hand, since

∣∣∣∣f
(

ξ

k + n

)
− f(x)

∣∣∣∣ ≤




∣∣∣ ξ
k+n − x

∣∣∣
δ

+ 1


ω(f ; δ)

we get

k+αn,k∫

k

∣∣∣∣f
(

ξ

k + n

)
− f(x)

∣∣∣∣ dξ ≤




k+αn,k∫
k

∣∣∣ ξ
k+n − x

∣∣∣ dξ

δ
+ αn,k


ω(f ; δ).

Using the last inequality and (3.1) in (4.3), we obtain
|M∗

n(f ;x) − f(x)| ≤

≤
[

1
δ

1
ϕn(x)

∞∑
k=0

{
1

αn,k

k+αn,k∫
k

∣∣∣ ξ
k+n − x

∣∣∣ dξ ϕ(k)
n (0)xk

k!

}
+ 1

]
ω(f ; δ)

≤


 1

δ


 1

ϕn(x)

∞∑
k=0

(
1

αn,k

k+αn,k∫
k

∣∣∣ ξ
k+n − x

∣∣∣ dξ
)2

ϕ
(k)
n (0)xk

k!




1
2

+ 1


ω(f ; δ)

≤
[

1
δ

(
Ln(t2;x) + 2

nLn(t;x) + 1
2n2 + 2xLn(t;x) + x

n − 3x2
) 1

2 + 1
]
ω(f ; δ)

≤
[

1
δC1O( 1√

n
) + 1

]
ω(f ; δ).

If we choose δ = 1√
n
, then the proof is completed.

5. A Differential Equation

We refer to some papers, in which equations analogous to the following
theorem are given: May [14] , Volkov [20] , Alkemade [2] and [8] .

Let g satisfy the equality

g(
k

k + n
) =

ak

bn
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where a and b are arbitrary nonzero constant. Hence letting n =
k

t
− k, we

obtain g(t) =
at

b(1 − t)
.

Now we give the following theorem.
Theorem 5.1. Let

g(t) =
at

b(1 − t)
(t ∈ [0, A] , a, b 6= 0).

For each x ∈ [0, A] , f ∈ C [0, A] and αn,k = 1; M∗
n(f ;x) satisfies the

following functional differential equation for n = 2, 3, ... :

(5.1)

x d
dxM

∗
n(f ;x) =

[
−γn(1 + n)(1 + `n,1)x + 1

ln( n−1
n

)
− n

]
M∗

n(f ;x)

− b
a ln( n−1

n
)
M∗

n((f, g);x).

where

M∗
n((f, g);x) =

1

ϕn(x)

∞∑

k=0

k+1∫

k

f

(
ξ

k + n

)
dξ

k+1∫

k

g

(
ξ

k + n

)
dξ ϕ(k)

n (0)
xk

k!
.

Proof. Since M∗
n(f ;x) is uniform convergent on [0, A] , we can differen-

tiate this series term by term in this interval.
Hence,

x
d

dx
M∗

n(f ;x) =
−γn(1 + n)(1 + `n,1)x

ϕn(x)

∞∑

k=0

k+1∫

k

f

(
ξ

k + n

)
dξ ϕ(k)

n (0)
xk

k!

(5.2)

x d
dxM

∗
n(f ;x) =

−γn(1+n)(1+`n,1)x
ϕn(x)

∞∑
k=0

k+1∫
k

f
(

ξ
k+n

)
dξ ϕ

(k)
n (0)xk

k!

+ 1
ϕn(x)

∞∑
k=0

k+1∫
k

f
(

ξ
k+n

)
dξ ϕ

(k)
n (0)k xk

k! .

It can be shown that

k =

a
b−

k+1∫
k

g
(

ξ
k+n

)
dξ

a
b ln(n−1

n )
− n.
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By using this equality in (5.2), after simplification, we get

x d
dxM

∗
n(f ;x) =

[
−γn(1 + n)(1 + `n,1)x + 1

ln( n−1
n

)
− n

]
1

ϕn(x)

×
∞∑

k=0

k+1∫
k

f
(

ξ
k+n

)
dξ ϕ

(k)
n (0)xk

k! − 1
a
b

ln( n−1
n

)
1

ϕn(x)

×
∞∑

k=0

k+1∫
k

f
(

ξ
k+n

)
dξ

k+1∫
k

g
(

ξ
k+n

)
dξ ϕ

(k)
n (0)xk

k! .

Thus the theorem is proved.
Proposition 5.1. For αn,k = 1, M∗

n(t;x) gives a solution of the
differential equation

xy′ −
[
− γn(1 + n)(1 + `n,1)x+

a+ b

a ln(n−1
n )

− n
]
y =(5.3)

γn(1 + n)(1 + `n,1)x − 1

ln(n−1
n )

+ n.

Proof. Setting, in (5.1), f = 1 − t, it follows that

x
d

dx
M∗

n(1 − t;x) =

[
−γn(1 + n)(1 + `n,1)x+

1

ln(n−1
n )

− n

]
M∗

n(1 − t;x)

(5.4) − b

a ln(n−1
n )

M∗
n(t;x).

Using the linearity of M∗
n and M∗

n(1;x) = 1 in (5.4) we get (5.3).
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[8] O. Doğru, Approximation Order and Asymptotic Approximation for Generalized

Meyer-König and Zeller Operators, Math. Balkanica, New Ser. Vol.12, Fasc. 3-4 (1998),
359-368.
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