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A QUALITATIVE UNCERTAINTY PRINCIPLE FOR
CERTAIN HYPERGROUPS
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ABSTRACT. It is known that if the supports of a function f € L1(R")
and its Fourier transform have finite measure then f = 0 almost every-
where. We study generalizations of this property for certain classes of
locally compact hypergroups.

1. INTRODUCTION

It is known that for a locally compact abelian group G,if f € L'(G)
and the product of the measure of the support of f and its Fourier transform
f is less than one then f = 0 a.e. This result has been generalized to a
commutative hypergroup by Kumar [9] (see also Voit [18]). For the definition
and notations of hypergroups which is same as ‘convos’ see [7] and [1] and also
the survey [10],[13]. In this paper we first show that for finite hypergroups
this property is equivalent to commutativity of K. This result seems to be
new even for groups.

For a locally compact hypergroup K equipped with left Haar measure m,
such that the C*-algebra C*(K) of K is type I, let K be the dual space with
Plancherel measure p (see [2], [7]), For f € L1(K), let

Aj={zeK: f(z)#0}and By = {r € K : n(f) #0}.
We first show that a finite hypergroup K is commutative if and only if
for f € LY(K),m(Af)u(By) <1= f=0.
A hypergroup K is said to have QU P (Qualitative Uncertainty Principle)
it m(Ay) < oo, u(Bf) < 0o = f = 0 a.e. It has been shown that a central
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hypergroup K (not necessarily commutative) ([4], [14]) with non-compact
connected component of Z = G(K)N Z(K) has QUP.

2. MAIN RESULTS

Let K be a finite hypergroup. By ([7], 7.1A) there exists a left Haar
measure m for which m({e}) = 1 and m({z}) = for each = € K.

P p (e)
It is easy to see from ([14], Theorem 1.3 and Theorem 1.7) that a Plancherel
measure g on K is given by u(A) = > cp_1 for A C K, where
pEA

dyc, < 1, d, being the dimension of representation space H(p) of p and
cp = > [p(@)u,u)|?> m({z}) for u € H(p), with [|u|| = 1. The following

p €A
theorem rules out any possibility of generalization of ([9], Cor, 2) or ([18],

Theorem 2.3) to non-abelian groups or hypergroups.

THEOREM 2.1. If K is a finite hypergroup, then the following are equiv-
alent

(ig K is commutative
(1i) For f € LK), m(Af)u(Byf) <1= f=0.

PROOF. (i) = (ii) has been proved in ([9], Cor, 2) For (ii) = (i), if
K is noncommutative, then there exists # € K such that d, > 2. Let
[ =06 € LY(K), clearly Ay = {e} so m(As) =1 and

By = K thus u(By) = Z et
e K

Now by ([15], Theorem 4.4), 1 = &ey(e) = > krtr(m(€gey)). Also
T e K

(7(Gr&m) = Y (w()é, 77>

. p ( ) 5{6}( ) <§a77>7
r € K v

so tr m(&(ey) = dr. Thus

1:Zk,, dy.
m(Az) m l= Y k< Y kede =1,

™ € By ™ € By rek
but f #0. O

Let K be a hypergroup with a left Haar measure m such that the C*-
algebra C*(K) of K is of type 1. There exists a unique measure p on K, the

Now
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so called Plancherel measure, such that for any f € L'(K) N L?(K).

[ @ dmia) = [ er(ax() wls))auo)
K K

If K is commutative or a central hypergroup (in particular if K is

compact) then there is a Plancherel measure on K ([7], 7.31) ([14], The-

orem 1.7),([4], Theorem 3.2). K is said to satisfy QUP if for each f €
LY (K),m(Af) < oo and u(By) < oo = f =0 a.e.

REMARK 2.2. It is easy to see that if K is compact hypergoup or a discrete
hypergroup then QU P is violated. More generally it can be shown that QU P
is violated in case of hypergroups constructed by substitution of compact and
discrete hypergroups (See [19] for construction of substitution hypergroup).
In particular QU P is violated in case of join of a compact and a discrete
hypergroup (([7], 10.5), [16]). In general, if K is a commutative hypergroup
with compact identity component { Ky} then QU P is violated. This can be
proved as follows:

By ([17], Cor 1.4) K/K is totally disconnected and so is 0-dimensional.
Let U be a neighborhood of Ky such that U~ is compact then U contains
an open and closed neighbourhood V' which is compact and U x« V' C U. So
F = U V" is a compact open subhypergroup of K/Ky. Then Fy = p~!(F)
is compact open subhypergroup of K. Let f = £p,, then m(A4y) = mF, and
By = {vy : v|Fo = 1}. Using Plancherel theorem ([7], 7.3I), it follows that
w(By) = m(Fp). Hence QU P is violated.

ExXAMPLE 2.3. For a prime p, let 2, and A, be the set of p-adic numbers
(resp. p-adic integers respectively.) Moreover, let Ay = {z € Q,; 2z, = 0 for
n < k} (see [5], §10). Let

1 =1 =z
G= 0 1 = |:z,220€ 0,268,
0 0 1
and
1 ¢t 0
H = 0 1 0 f:ted,
0 0 1
and
K=G//H.

Let = (z1,%2,2), ¥ = (y1,y2,w) € G where z;,y; € A, and z,w € Q.
Then HxH = HyH if and only if 20 = y2,2 —w € 22 - A,. We write
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HzH = (22, [2]s,). K can be identified with U (Ax\Ak=1) X (Qp\Ak)
K=0

OHzH * OHyH = / OHetym dt,
H

where
HatyH = (z2 +y2, [z +w+ (E+ 21)Y2]wstys)-
Thus,
5HmyH L if Y2 € (IQ + yQ)AP
OHzH¥OHYH =\ [ §(29 + yo, [z + W]ggt+ys + t)dt, otherwise
X

where X = ya/\,/(z2 + y2)A\, and di is the normalized Haar measure on
X. Clearly K is commutative and G(K) (maximal subgroup) = {(0, [z]o); z €
Q,}. Since A are the only proper subgroups of €2,,. The connected component
of K is compact. Thus QU P is violated in this case.

We don’t know whether QU P is true in general for hypergroups having
non-compact connected component or not. The QU P has been proved in [9]
if the map  — m(z * C)(0 < m(C) < o) is continuous on K. However, we
prove this result for central hypergroups without this technical condition. The
technique used is similar to one used in ([3], Theorem 1.2). Notations used
are same as in [4]. The following Lemma can be proved as in ([11], Lemma 1)
and ([3], Lemma 1.1) using definition of induced representations given in [4].

LEMMA 2.4. Let H be a closed unimodular subgroup of a o-compact hy-
pergroup K. Given f € LY (K), there exists a zero set M in K such that
for every y € K ~ M and every representation p of H,y'|g € L*(H) and

p(y! ) # O implies indgyp(f) # 0.

Recall that a hypergroup K (not necessarily commutative) is said to cen-
tral hypergroup if K/(Z(K)NG(K)) is compact where G(K) is the maximal
subgroup of K and Z(K) is the centre of K.

THEOREM 2.5. Let K be a o-compact central hypergroup with connected
component of Z = G(K) N Z(K) non-compact then K has QUP.

PROOF. Let f € LY(K) with m(Ay) < oo, u(By) < co. It follows from
above lemma and ([8], 4.1), ([4], 1.4) that there exists a zero set M in K such
that for all y € K ~ M, we have

(i) y'|lz € LY (Z) and mz(A,s),) < o0

(ii) For every A € Z, A(y/|z) # 0 = ind5 A(f) #0

By (2], 3.3.7, 3.3.9), # — ||x(f)|| is a function in Co(K), in a particular

{m:7(f)|| > a}, > 0is a compact set, hence

Bic |J {meK:|n(f)l|znyu |J{re K:|Ix(f)ll = %}_

neN neN
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Thus By is a o-bounded set. Now by ([14], 1.3)

u(By) = [ 1B i)y
Z

where |By N r~'(\)| is the cardinality of the set By N r~'(\). Also

Bys\,) = [ €p,;, (NdA. IfX € By, then A(y/|2) #0 = ind5 A(f) # 0.
A

But by ([4], 2.8) ind5 A ~ @ d,p, so there exist p € r~'()\) such that

per—1(N)

p(f) #0ie. pe BfNr=t()\). Thus

gByf‘Z()\) < ’Bf mr_l()‘)‘ = ,UZ(Byf\Z) < M(Bf) < 0

But by hypothesis and [6], mz(Ays,) < oo and pz(Bys,) < o0 =

y'|z = 0 a.e. since this is true for almost all y € K, we get f = 0 a.e.

The following generalizes ([12], 1.2) to hypergroups.

COROLLARY 2.6. Let K be a compact hypergroup. Then the direct product

R% x K has QUP.

(10]
(11]
(12]

13]
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