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Abstract. It is known that if the supports of a function f ∈ L1(Rn)
and its Fourier transform have finite measure then f = 0 almost every-
where. We study generalizations of this property for certain classes of
locally compact hypergroups.

1. Introduction

It is known that for a locally compact abelian group G, if f ∈ L1(G)
and the product of the measure of the support of f and its Fourier transform

f̂ is less than one then f = 0 a.e. This result has been generalized to a
commutative hypergroup by Kumar [9] (see also Voit [18]). For the definition
and notations of hypergroups which is same as ‘convos’ see [7] and [1] and also
the survey [10],[13]. In this paper we first show that for finite hypergroups
this property is equivalent to commutativity of K. This result seems to be
new even for groups.

For a locally compact hypergroup K equipped with left Haar measure m,
such that the C∗-algebra C∗(K) of K is type I, let K̂ be the dual space with
Plancherel measure µ (see [2], [7]), For f ∈ L1(K), let

Af = {x ∈ K : f(x) 6= 0} and Bf = {π ∈ K̂ : π(f) 6= 0}.
We first show that a finite hypergroup K is commutative if and only if

for f ∈ L1(K),m(Af )µ(Bf ) < 1⇒ f = 0.
A hypergroup K is said to have QUP (Qualitative Uncertainty Principle)

if m(Af ) < ∞, µ(Bf ) < ∞ ⇒ f = 0 a.e. It has been shown that a central
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hypergroup K (not necessarily commutative) ([4], [14]) with non-compact
connected component of Z = G(K) ∩ Z(K) has QUP .

2. Main Results

Let K be a finite hypergroup. By ([7], 7.1A) there exists a left Haar
measure m for which m({e}) = 1 and m({x}) = 1

px̌∗ px(e) for each x ∈ K.

It is easy to see from ([14], Theorem 1.3 and Theorem 1.7) that a Plancherel

measure µ on K̂ is given by µ(A) =
∑

ρ ∈ A

c−1
ρ for A ⊆ K̂, where

dρcρ ≤ 1, dρ being the dimension of representation space H(ρ) of ρ and
cρ =

∑
p ∈ A

|〈ρ(x)u, u〉|2 m({x}) for u ∈ H(ρ), with ||u|| = 1. The following

theorem rules out any possibility of generalization of ([9], Cor, 2) or ([18],
Theorem 2.3) to non-abelian groups or hypergroups.

Theorem 2.1. If K is a finite hypergroup, then the following are equiv-
alent

(i) K is commutative
(ii) For f ∈ L1(K), m(Af )µ(Bf ) < 1⇒ f = 0.

Proof. (i) ⇒ (ii) has been proved in ([9], Cor, 2) For (ii) ⇒ (i), if

K is noncommutative, then there exists π ∈ K̂ such that dπ ≥ 2. Let
f = δe ∈ L1(K), clearly Af = {e} so m(Af ) = 1 and

Bf = K̂ thus µ(Bf ) =
∑

π ∈ K̂

c−1
π .

Now by ([15], Theorem 4.4), 1 = ξ{e}(e) =
∑

π ∈ K̂

kπtr(π(ξ{e})). Also

〈π(δ{e}ξ, η〉 =
∑

x ∈ K

〈π(x)ξ, η〉 1

px̌∗ px(e)
δ{e}(x) = 〈ξ, η〉,

so tr π(ξ{e}) = dπ. Thus

1 =
∑

kπ dπ.

Now

m(Af ) m(Bf ) =
∑

π ∈ Bf

c−1
π =

∑

π ∈ Bf

kπ <
∑

π ∈ K̂

kπdπ = 1,

but f 6= 0.
Let K be a hypergroup with a left Haar measure m such that the C∗-

algebra C∗(K) of K is of type I. There exists a unique measure µ on K̂, the
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so called Plancherel measure, such that for any f ∈ L1(K) ∩ L2(K).
∫

K

|f(x)|2 dm(x) =

∫

K̂

tr(π(f) π(f∗))dµ(π).

If K is commutative or a central hypergroup (in particular if K is

compact) then there is a Plancherel measure on K̂ ([7], 7.3I) ([14], The-
orem 1.7),([4], Theorem 3.2). K is said to satisfy QUP if for each f ∈
L1(K),m(Af ) <∞ and µ(Bf ) <∞⇒ f = 0 a.e.

Remark 2.2. It is easy to see that if K is compact hypergoup or a discrete
hypergroup then QUP is violated. More generally it can be shown that QUP
is violated in case of hypergroups constructed by substitution of compact and
discrete hypergroups (See [19] for construction of substitution hypergroup).
In particular QUP is violated in case of join of a compact and a discrete
hypergroup (([7], 10.5), [16]). In general, if K is a commutative hypergroup
with compact identity component {K0} then QUP is violated. This can be
proved as follows:

By ([17], Cor 1.4) K/K0 is totally disconnected and so is 0-dimensional.
Let U be a neighborhood of K0 such that U− is compact then U contains
an open and closed neighbourhood V which is compact and U ∗ V ⊂ U . So
F = ∪ V n is a compact open subhypergroup of K/K0. Then F0 = p−1(F )
is compact open subhypergroup of K. Let f = ξF0 , then m(Af ) = mF0 and
Bf = {γ : γ|F0 = 1}. Using Plancherel theorem ([7], 7.3I), it follows that
µ(Bf ) = m(F0). Hence QUP is violated.

Example 2.3. For a prime p, let Ωp and 4p be the set of p-adic numbers
(resp. p-adic integers respectively.) Moreover, let ∧k = {z ∈ Ωp; zn = 0 for
n < k} (see [5], §10). Let

G =









1 x1 z
0 1 x2

0 0 1


 : x1, x2 ∈ 4p, z ∈ Ωp






and

H =









1 t 0
0 1 0
0 0 1


 : t ∈ 4p






and

K = G//H.

Let x = (x1, x2, z), y = (y1, y2, w) ∈ G where xi, yi ∈ 4p and z, w ∈ Ωp.
Then HxH = HyH if and only if x2 = y2, z − w ∈ x2 · 4p. We write
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HxH = (x2, [z]x2). K can be identified with
∞⋃

K = 0

(∧k\∧k−1)× (Ωp\∧k)

δHxH ∗ δHyH =

∫

H

δHxtyH dt,

where
HxtyH = (x2 + y2, [z + w + (t+ x1)y2]x2+y2).

Thus,

δHxH∗δHyH =

{
δHxyH if y2 ∈ (x2 + y2)4p

∫
X
δ(x2 + y2, [z + w]x2+y2 + ṫ)dṫ, otherwise

where X = y24p/(x2 + y2)4p and dṫ is the normalized Haar measure on
X . Clearly K is commutative and G(K) (maximal subgroup) = {(0, [z]0); z ∈
Ωp}. Since ∧k are the only proper subgroups of Ωp. The connected component
of K is compact. Thus QUP is violated in this case.

We don’t know whether QUP is true in general for hypergroups having
non-compact connected component or not. The QUP has been proved in [9]
if the map x → m(x ∗ C)(0 < m(C) < ∞) is continuous on K. However, we
prove this result for central hypergroups without this technical condition. The
technique used is similar to one used in ([3], Theorem 1.2). Notations used
are same as in [4]. The following Lemma can be proved as in ([11], Lemma 1)
and ([3], Lemma 1.1) using definition of induced representations given in [4].

Lemma 2.4. Let H be a closed unimodular subgroup of a σ-compact hy-
pergroup K. Given f ∈ L1(K), there exists a zero set M in K such that
for every y ∈ K ∼ M and every representation ρ of H, yf |H ∈ L1(H) and

ρ(yf |H) 6= 0 implies indK
Hρ(f) 6= 0.

Recall that a hypergroup K (not necessarily commutative) is said to cen-
tral hypergroup if K/(Z(K)∩G(K)) is compact where G(K) is the maximal
subgroup of K and Z(K) is the centre of K.

Theorem 2.5. Let K be a σ-compact central hypergroup with connected
component of Z = G(K) ∩ Z(K) non-compact then K has QUP .

Proof. Let f ∈ L1(K) with m(Af ) < ∞, µ(Bf ) < ∞. It follows from
above lemma and ([8], 4.1), ([4], 1.4) that there exists a zero set M in K such
that for all y ∈ K ∼M , we have

(i) yf |Z ∈ L1(Z) and mZ(Ayf |Z ) <∞
(ii) For every λ ∈ Ẑ, λ(yf |Z) 6= 0⇒ indK

Z λ(f) 6= 0
By ([2], 3.3.7, 3.3.9), π → ||π(f)|| is a function in C0(K̂), in a particular

{π : π(f)|| ≥ α}, α > 0 is a compact set, hence

Bf ⊂
⋃

n∈N

{π ∈ K̂ : ||π(f)|| ≥ n} ∪
⋃

n∈N

{π ∈ K̂ : ||π(f)|| ≥ 1

n
}.
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Thus Bf is a σ-bounded set. Now by ([14], 1.3)

µ(Bf ) =

∫

Ẑ

|Bf ∩ r−1(λ)|dλ,

where |Bf ∩ r−1(λ)| is the cardinality of the set Bf ∩ r−1(λ). Also

µZ(Byf |Z ) =
∫

Ẑ

ξB
yf |Z

(λ)dλ. If λ ∈ Byf |Z then λ(yf |Z) 6= 0⇒ indK
Z λ(f) 6= 0.

But by ([4], 2.8) indK
Z λ '

⊕
ρ∈r−1(λ)

dρρ, so there exist ρ ∈ r−1(λ) such that

ρ(f) 6= 0 i.e. ρ ∈ Bf ∩ r−1(λ). Thus

ξB
yf |Z

(λ) ≤
∣∣Bf ∩ r−1(λ)

∣∣⇒ µZ(Byf |Z ) ≤ µ(Bf ) <∞

But by hypothesis and [6], mZ(Ayf |Z ) < ∞ and µZ(Byf |Z ) < ∞ ⇒
yf |Z = 0 a.e. since this is true for almost all y ∈ K, we get f = 0 a.e.

The following generalizes ([12], 1.2) to hypergroups.

Corollary 2.6. Let K be a compact hypergroup. Then the direct product
Rd ×K has QUP .

We would like to thank referee for some useful comments.

References

[1] Bloom W.R., Heyer, H., Harmonic Analysis of Probability measures on hypergroups,
De Gruyter (1995).

[2] Dixmier J., C*-Algebras, North-Holland Publishing Co. Amsterdam, 1981.
[3] Echterhoff S., Kaniuth E., Kumar A., A Qualitative Uncertainty Principle for certain

locally compact groups, Forum Math. 3(1991), 355-369.

[4] Hauenschild W., Kaniuth E., Kumar A., Harmonic Analysis on central hypergroups
and induced representations, Pac. J. Math. 100 (1984), 83-112.

[5] Hewitt E., Ross K.A., Abstract Harmonic Analysis I, Berlin-Heidelberg-New York
Springer Verlag, 1963.

[6] Hogan J.A., A qualitative uncertainty principle for locally compact abelian groups,
Proc. Center for Math. Analysis 16 (1988), 133-142 (Canberra).

[7] Jewett R.I., Spaces with an abstract convolution of measures, Advances in Math.,
18(1975), 1-101.

[8] Kumar A., Singh A.I., Spectral synthesis in products and quotients of hypergroups,
Pac. J. Math. 94(1981), 177-192.

[9] Kumar A., A qualitative uncertainty principle for hypergroups, Lecture notes in Math.
1511 (1992), 1-11 (Springer Verlag).

[10] Litinov G.L., Hypergroups and hypergroups algebras, J. of Soviet Math., 38(1987),
1734-1761.

[11] Ludwig J., Good ideals in the group algebra of a nilpotent Lie group. Math. Z., 161
(1978), 195-210.

[12] Price J.F., Sitaram, A., Functions and their Fourier transforms with supports of finite
measure for certain locally compact groups, J. Funct. Anal. 79(1988), 166-181.

[13] Ross K.A., Hypergroups and center of measure algebras, Inst. Naz. Alta Mat. (Sym-
posia Math.) 22(1977) 189-203.



38 AJAY KUMAR

[14] Vogel M., Harmonic analysis and spectral synthesis in central hypergroups, Math. Ann.
281 (1988), 369-385.

[15] Vrem R.C., Harmonic analysis on compact hypergroups, Pac. J. Math. 85 (1979),
239-251.

[16] Vrem R.C., Hypergroups joins and their dual objects, Pac. J. Math. 111 (1984), 483-
495.

[17] Vrem R.C., Connectivity and supernormality results for hypergroups, Math. Z. 195
(1987), 419-428.

[18] Voit M., An uncertainty principle for commutative hypergroups and Gelfand pairs,
Math. Nachr. 164 (1993), 187-195.

[19] Voit M., Substitution of open hypergroups, Hokkaido Math. J. 23 (1994), 143-183.

Department of Mathematics,
Rajdhani College, University of Delhi,
Raja Garden, New Delhi 110015, India.
E-mail : ajaykr@bol.net.in

Received : 20.02.1999.

Revised : 02.07.1999.


