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A GENERAL THEOREM ON APPROXIMATE MAXIMUM
LIKELTHOOD ESTIMATION

MILJENKO HUzZAK
University of Zagreb,Croatia

ABSTRACT. In this paper a version of the general theorem on ap-
proximate maximum likelihood estimation is proved. We assume that there
exists a log-likelihood function L(¥) and a sequence (Ln (1)) of its estimates
defined on some statistical structure parameterized by 9 from an open set
© C R%, and dominated by a probability P. It is proved that if L(®)
and L, (¢9) are random functions of class C2?(0) such that there exists a
unique point 9 € © of the global maximum of L(}) and the first and sec-
ond derivatives of Ly (¢) with respect to ¥ converge to the corresponding
derivatives of L(1}) uniformly on compacts in © with the order Op(vn),
limy, v = 0, then there exists a sequence of ©-valued random variables
1§n which converges to 9 with the order Op(yn) and such that 1§n is a
stationary point of Ly (¢) in asymptotic sense. Moreover, we prove that
under two more assumption on L and Ly, such estimators could be chosen
to be measurable with respect to the o-algebra generated by Ly (9).

1. INTRODUCTION

This paper is concerned with a generalization of the so called general the-
orem on approximate maximum likelihood estimation given in [9] as Theorem
3. A general problem is as follows. Let L(¢) be a log-likelihood function
(or any contrast function) defined on some statistical structure parameter-
ized with ¢ and dominated by a probability measure P, and let (L, (¢)) be
a sequence of its approximations. If we know that the maximum likelihood
estimator (MLE for short) ) exists and that L, () converge to L(19) uniformly
on compacts with known order, the problem is under what conditions there
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exists a sequence of estimators (1§n) which converges to U and such that O,
is a stationary point of L, () in asymptotic sense. In addition, we are also
concerned with the problem when ¥,, could be chosen to be measurable with
respect to the o-algebra generated by L, (9). For example, these problems
arise when only discrete time observations of a continuous time process are
available over bounded time interval (see for instance [6] or [7], and [9]).

Le Breton in [9] proved the theorem (Theorem 3 in [9]) of this kind and
applied it to the problem of estimation of the drift parameter in a linear sto-
chastic differential equation with constant coefficients. The main assumption
was that the unknown parameter could be any value from RY. Moreover,
some of the conditions on L(¥) were that the second derivative of L with
respect to 9 did not depend on ¥ (condition (A2) in [9] Theorem 3) and that
L has a unique stationary point ¥ (condition (A3) in the same theorem).
These conditions together with the assumption about parameter space are
somewhat restrictive. For example, if the drift of a diffusion is nonlinear in its
parameters, then the second derivative of the log-likelihood function generally
depends on the parameters. In this paper we prove a version of Le Breton’s
theorem assuming that the parameter space is an open set © in the Euclidean
space R? and omitting the restrictive condition (A2) from [9]. Moreover, we
weaken (A3) from [9] by assuming that  is a unique point of maximum of
L on ©. To obtain appropriate measurability of J,, we have to impose some
additional conditions on L and L,. Note that these considerations were not
present in Le Breton’s approach. In this sense generalized version of Le Bre-
ton’s theorem can be applied to more general diffusion models. For example
(see [6, 7]), let us consider the diffusion growth model defined by the Itd
stochastic differential equation

dXy = (a — ph(y, Xy)) X dt + 0 Xy dW;, Xo =20 >0,

where h(y,z) = (z7 —1)/v if v # 0 and h(y,z) = logz if v = 0 (y € R,
z > 0), 0 > 0 being fixed and where ¥ = (a, 3,7) belongs to a relatively
compact parameter space ©, a neighborhood of the true value of ¥ with the
specific property (see [7]) and such that

0.2
o — —

O C {(o,8,7) ER® : B>0, v( 5)+8>0}

The log-likelihood function based on continuous observation X = (X;,0 <
t<T) forvis

1 1
—dX, — —
Xt K 202

o2

T T
L) =L / (o — Bh(7, X)) / (o — Bh(, X)) dt.

Let us suppose that we observe X at time moments 0 =tg <t; <...<t, =
T, T being fixed, n € N. For any such choice of time moments we approximate
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L(¥) with

5 (0= Bh(y X))

(o= Bh(7, Xe, )2t = tin) ).

L(9¥) and L, (¢), n € N, with 7, = maxi<;<n(t; —t;—1) — 0, satisfy the condi-
tions of the theorem (see Section 3) in the sense described in [7]. This model
can be used in e.g. modeling growth of tumor spheroids where it is not possible
for an individual spheroid to be observed arbitrarily long, but, theoretically,
it is possible to observe it at every time moments in some bounded time in-
terval (see [6]). It should be stressed that the asymptotic concept considered
here and in [9] (i.e. where we discretely observe trajectories at n distinct time
moments over the same bounded time interval in a way that the maximum of
the times between successive observations A,, tends to zero), is different of the
concept used by many other authors since in many other applications it is not
possible to take observations at any time moment, but it is possible to take
it arbitrarily long. For example, Yosida in [10] and Florens-Zmirnou in [5]
proved that the estimators based on an approximation to the continuous-time
likelihood function of an ergodic diffusion, obtained by replacing Lebesgue
integrals and It6 integrals by Riemann-Ito sums as in the above example, are
consistent and asymptotically efficient when nA,, — 400 for equidistant time
points such that A, — 0. If A, = A > 0 is a constant, then the estima-
tors are not consistent (see [2]). On the other hand, Dacunha-Castelle and
Florens-Zmirou in [3] proved that for equidistant time points, the condition
nA, — +oo is sufficient (and necessary) for the discrete-time MLE of the
drift parameters being consistent and asymptotically efficient. Since the tran-
sition densities cannot be obtained explicitly in many examples, some authors
proposed other methods of estimations and proved the same good asymptotic
properties of the obtained estimators under assumption that A, = A > 0 is
constant (for example see [1],[8] and [2]).

The paper is organized in the following way. Next section contains the
definitions and notation used throughout in the paper. The generalized ver-
sion of Le Breton’s theorem is stated in Section 3 and the proofs are in Section
4.

L,(9) = (X,

7

- Xti—l)

o2

N | =

2. NOTATION

We denote by (-|-) the scalar product in d-dimensional Euclidean space
R? and by | - | the induced norm.

If © — f(x) is a real-valued function defined on an open subset of R?,
then we will denote by Df(z), D?f(z) its first and second derivatives with
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respect to x respectively. The notation D?f(z) < 0 means that the Hessian
D?f(z) is a negatively definite matrix.

Let U and © be open sets in R and U C ©. The closure of U will be
denoted by C£(U) and the o-algebra of Borel subsets of © by B(©). We will
say that U is a relatively compact set in © if U is an open set such that C£(U)
is compact in ©. If € > 0 is a real number then U + ¢ stands for the set
{xeR?: (Fy eU)|zr—y| <e}. Moreover, K (x¢,¢e) denotes the open ball in
R< with the center zy and radius e.

Let (yn,n € N) be a sequence of positive numbers and let X = (X,,,n €
N) be a sequence of random variables on a probability space (Q,F, P). We
will say that X is Op(v,), n € N, and write X,, = Op(yn), n € N, if the
sequence (X, /vn,n € N) is bounded in probability, i.e. if

. - 1 o
AETOO 117rln]P’{7n | X, > A} = 0.

Generally, if A € Q and B € R? then A° and B¢ stand for the complement
sets 2\ A and R?\ B respectively.

3. THE RESULT

Let © be an open subset of the Euclidean space RY, let (Q,F, P) be
a probability space, and let (F,,n € N) be a family of sub-o-algebras of
F. Moreover, let (y,;n € N) be a sequence of positive numbers such that
lim, vy, =0, and let L, L, : 2 x © — R, n € N, be functions satisfying the
following assumptions.

(Al): For all ¥ € ©, w — L(w,?) is F-measurable and w +— L, (w,?) is
Fn-measurable, n € N. For allw € Q, 9 — L(V) = L(w,d) and ¥ — L, (9) =
Ly(w,9), n € N, are of class C?(©).

(A2): For all w € Q, the function ¥ — L(¢¥) = L(w, ¥) has a unique point
of global maximum ¥ = J(w) in ©, and D2L(J) < 0.

(A3): For any relatively compact set I C ©,
sup |D'L,(9) — D'L(9)| = Op(y,), n €N, 1=1,2.
ver

To obtain F,-measurability of the estimators, we need a few more as-
sumptions.

(A4): For allw € Q and 7 > 0, L(w, ¥(w)) > sup, >, L(w, I (w) + z);
(A5): supyee |Ln(¥) — L(V)] L0, n— .

Note that the measurability of the suprema in (A3-5) follows from (A1l).

THEOREM 3.1. Let (A1-3) hold. Then there exists a sequence (0,,,n € N)
of ©-valued random variables such that
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(i) lim,, P{DL,(J,) =0} = 1;
(ii) p L9, n— 4oo;
(iil) If (1§n, n € N) is any other sequence of random variables which satisfies
(i) and (i), then lim, P{0, =0,} = 1;
(iv) The sequence v, (9, — ), n € N, is bounded in probability.

If in addition (A4-5) hold, then O, could be chosen to be F,-measurable,
n € N.

We conclude this section with another result about the existence of the
Fn-measurable estimators having the properties (i-iv) from the theorem. This
result refers to the functions L,, n € N, with very specific property and is
based only on the assumptions (A1-3).

COROLLARY 3.2. Let (A1-3) hold. If for allm € N and w € Q, the
function ¥ — Ly(w,9) has a unique point ¥ (w) of local mazimum in ©
which is a point of global mazimum as well, then random variable (¥, ne N)

is a sequence of ©-valued random variables such that for alln € N, 9, is a
Fn-measurable and (i-iv) from the theorem hold.

4. PROOFS

We need the following lemmas. Some of them can be considered as stan-
dard but since we have not found them in literature as stated here, we provide
proofs for readers’ convenience.

LEMMA 4.1. Let G be a o-algebra on Q2 and let G : 2 X © — R be a
function such that for all w € Q, ¥ — G(w, V) is continuous in ©, and for all
¥ €0, wr— G(w,d) is G-measurable. Then

(i) G is a G ® B(©)-measurable function;
(ii) If for allw € Q, ¥ — G(w, ) has a unique point Y (w) of global mawi-
mum in O, then w — Y(w) is a G-measurable mapping.

PRrROOF. Let (©,,n € N) be a sequence of relatively compact sets in ©
such that © = U,en®,, and for all n € N, C4(0,,) C O,,11. Let n € N be
fixed. Since C¢(©,,) is a compact set, there exist a finite number of points

(19§n), 1 <4 < k,) such that

kn

0, ccue,) c | K™, ).

. n
=1
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Let us define a sequence (G, n € N) of simple functions in Q x © by

n 1 N

G™ (w, 9) ZG w0 Ly 1 @) =5 D (G, v+
! 1<i<j<kn

G(w,9™)) -1 0 1k L (G, 90+

@) T 1ot 1) () o+ (1 (Gl 00+

n

e Glw, W) 1 KO K@ 2 ().

‘n

Trivially, the functions G (n € N) are G ® B(0)-measurable and for all
(w, ) € Qx 0, Gw,¥) = lim,, G™ (w,¥) by continuity of ¥ — G(w,d).
Hence (i) follows.

Let K C © be an open ball. Since © is an open set in R? and 9 +— G(w, ¥)
is a continuous function for any w € €2,

{we:dw) e K} ={weQ:VIe K I e K Guw,9) <Gw,9)}
= ﬂ U {weN:Gw,¥) <Gw,¥)}eq,
Ye KNQ 9’ e KeNQ4
which proves (ii). O

LEMMA 4.2. Let (A1) hold. Then for a positive random variable € and a
©-valued random variable 9, the functions & 3)(19 €), j=1,2, defined by

WD, €) :=sup{d >0 : Vo e RY, |z| <6 = |[D?L(J + 2)— D>L(9)] < €},
6@, €) :=sup{0 >0 : Ve e R, |z] <6 =
|DL(Y + 2)— DL(9)— D?*L()z| < €lz|},

are positive not necessarily finite random variables.

PROOF. (A1) implies §¢) > 0, j = 1,2. Moreover, (A1) and Lemma
4.1 imply that the functions (w,?) — D'L(w,9), | = 1,2, are F ® B(©)-
measurable, and w — ¥(w) is a F-measurable mapping, by the assumption.
Hence, w — D!'L(¥) = D'L(w,d(w)), | = 1,2, are F-measurable mappings.
Let h > 0 be an arbitrary number. Then

{we:6W(w)>h} = {weQ: VL’L‘ERd, lz| <h=
|D?L(w, D) + ) — D*L(w, Dw))] < e()}.

Because Q¢ is a dense set in R?, and because for all w € (2, the function

¥ — D?L(w,¥) is continuous, the set on the right side of the above equation
is equal to the set

(| {weQ: [D’L(w,d(w) + ) — D*L(w, d(w))| < e(w)}

z€Q?, |z|<h
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which is in F. Hence, 6!) is a random variable. The proof of the F-
measurability of §(2) goes in a similar way. O

The following topological result is needed for proving the existence of the
estimators.

LEMMA 4.3. Let K(0,7) (r > 0) be an open ball in R, and let F :
CU(K(0,7)) — R? be a continuous function. If for all z € R? such that |z| = r,
(x|F(x)) < 0, then there exists a point x,. € K(0,7) such that F(x,) = 0.

PROOF. Let us assume that the assertion of the lemma is false, i.e. for all
x € K(0,7), F(z) # 0. Then the function = — m(ﬂF(a@)) is a well-defined
continuous function. Hence, there exists a number € > 0 such that

(4.1) r—e<|z|<r =

Namely, if this is not true then there exists a sequence (z,;n € N) in
C{(K(0,7)) such that

1 1 1
— — <|zp| <r& ——(x,|F(x, ——, N.
r n_|z|_r |F(xn)|<x| (Tn)) > - n e
Since (z,,;n € N) is bounded, there exists a convergent subsequence (z,,; k €
N), limg #,,, = 2. From the above conditions and the continuity, it follows
that
1
7| =r & —(2'|F(2')) >0 = |2'|=r& (&'|F(z')) >0,
|F ()]
which contradicts the assumption of the lemma. Hence, there exists € > 0
such that (4.1) holds. For such ¢, x — G(z) := x+eF(z)/|F(z)| is a R%-valued
continuous function on C(K(0,7)) too. If |z| < r—e then |G(z)] < e+|x| <7,
and if r — e < |z| <7 then
€

|F ()|

ie. |G(z)| < r. Hence, G maps C{(K(0,7)) into CL(K(0,7)). By the Brower
fixed point theorem (see e.g. [4], p. 144), there exists o € K (0,r) such that
G(z9) = xo. This implies F(xz9) = 0 which is in contradiction with the
assumption. O

G@)? = +2——(a| F(@)) +[a? <12 — & <12,

The last lemma is used in the proof of the F,-measurability of the esti-
mators ¥, n € N.

LEMMA 4.4. Let (A1-2) and (A4) hold.
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(i) There exists a positive and finite random variable Q such that
(Ve e RY) |z| < Q = J+2 €O and DL +z) < 0.

(ii) For any random variable € such that 0 < e < @Q, there exists a
random variable s(e) such that 0 < s(e) < € and

inf L(J+x) > sup LI + ).
|z|<s(e) || >e

Moreover, A(e) := inf ;<) L(0+2) —SUp| > L(V+2) is a positive random
variable.

PROOF. For fixed n € N, let

N 1
Qn:=sup{r>0: K(¥,r) CO & sup sup(D?*L(I)nln) < —=}.
VK (D,r) Inl=1 n

Since ¥ +— D2L(1) is continuous and Q7 is dense in R?, for all r > 0,

{Qu <1} = Upeginoll? =] <7, supj—i (D*L(@)nln) > -3 }U
UUye@d\@{|y —v|<r}erF.

Hence, for all n € N, Q,, is a random variable. Let M > 0 be an arbitrary real
number and Q) = sup,, @, AM. Then @ is a finite random variable, and @ > 0
by (A2). Moreover, let * € R? be such that |z| < Q. For e = Q — |2| > 0
there exists n € N such that |z| = Q — € < Q,, which implies that ¥ + 2 € ©
and sup,,,_; (D> L(0 + x)n|n) < —1 <0 by the definition of Q,,. This proves
(i).

Let € be a random variable such that 0 < e < Q. Note that sup |, >, L(1§—|—
x) is a finite random variable since for all r € R,

{sup L0 +z) > r} = U {9 =9 >e, L) >r}eF
|z|2e 9€Q?ne
and (A2) holds. Let

Se:=sup{0<r<e/2: |i?<f L) +x) > sup L(J + z)}.
z|<r |z|>e

(A4) implies S. > 0. Moreover, for all r > 0,
{Se>r}= {Iilln<f LW +xz)> sup L) +2)} € F

x| >e
by (Al). Hence, S¢ is a random variable. Let s(¢) := S./2. Then s(e) is a
random variable such that 0 < s(¢) <e/4 < e and

inf L) +x > inf LY+ z > supL1§—|—z
lz[<s(e) ( ) |z]<Se ( ) |lz|>e ( )
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by the definition. To prove that inf|, <) L)+ ) > SUP 4[>« L) + ) it is
sufficient to show that inf ;<) L(0+z) > inf |, <s. L(0+z). Let us suppose
that this is not true, i.e. inf|,<g,_/2 L(1§ + ) = inf|;<g. L(1§ + ). Since
inf L@W+z)> inf L@+z)> inf L +2),
|z|<Se/2 |z|<35c/4 |z|<Se

inf;1<g. /2 L +z) = inf|, <35, /4 L(0 + x). These minima are obtained at
points in K(0,¢). Since K(0,¢) C K(0,Q) and x = 0 is a unique stationary
point and a point of maximum of x — L(1§—|—z) in K (0, €), the points of minima
have to be in spheres {z : |z| = S./2} and {x : |z| = 35./4} respectively.
Let z, be a point of the minimum of the function z — L(J + z) defined
in the set {z : |z|] < S./2}. Then |z.| = S./2 and =z, is a point of the
minimum of the same function but defined in {z : |z| < 3S./4}. Hence, x, is
another stationary point of the function x — L(J + z) in K (0,&), which is a
contradiction.

Finally, it follows easily that A(e) is a positive random variable. O

PROOF OF THE THEOREM. Let {K,,;m € N} be a family of relatively
compact sets and (g,,; m € N) be a sequence of positive numbers such that

(Ym € N) CUK,,) CCUKm +em) C K1 and Uoo_, K = 6,
(Vm € N) &, > €ppy1 and limy, &, =0,

and let
Qum ={0 € K, sup (DL,(9+x)|z) <0, sup sup(D>L,(I+z)¢|¢) <0}

|z|=€m |z <em 1€]=1

By Lemma 4.3 there exists a point O € K(1§, €m) such that DLn(ﬁnm) =0
on the event €,,,. On the same event, 1§nm is a unique stationary point
and so a unique point of the maximum of the function ¥ — L, () resticted
to K (9, e,,) since this function is strictly concave (see [9]). By Lemma 4.1
(ii) w = D (w) is a F N Qpm-measurable random variable. By the same
lemma, part (i), Qpnm € F. Moreover, if w € QN Qe for some m,m’ € N
such that, say, m < m/, then énm,énm/ € K(zé, €m) and O = Oy by the
uniqueness. Hence, the function w — 9, (w) defined by

() = Dpm(w) if Gm e N) w € Qupn,
e I(w) if (Ym eN)w ¢ Qpm,
is a ©-valued random variable. From the discussion given above it follows
that for any n € N and n > 0,
Qum € {DL,(,) =0}, meN and
Qnm - {|'l9n - 19| < 5m} - {|19n - 19| < 77}7 m > mo,
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where mg € N is such that n > g,,,. If
(4.2) lim hmIP’(Q

m

=0

nm)

holds, then (i) and (ii) from the theorem follow. Moreover, let (J,,;n € N) be
any other sequence of ©-valued random variables. By the same uniqueness
argument it follows that

Qi N {90 — 9] < e} N{DLn(Py) = 0} C {J, = U}
= P{0, #0a} < P(Q5,) + P{0n — 0| > e} + P{DL,(J,) # 0}.
If ¥,,, n € N, satisfy (i) and (ii) from the theorem, and if (4.2) holds, then
lim,, P{¥,, = J,,} = 1. Hence to prove the statements (i-iii) from the theorem

it is sufficient to prove (4.2).
(A1-2) and the continuity of the quadratic form & — (D?L(9)£|€) imply

that w — ¢(w) := — max¢=1 (D*L(w, D(w))EJ€) is a positive random variable.
By definition, for all 2 € R¢,
(43) (D2 L()alz) < gl

For w € Q and x € RY, let ¢ = ¢, , : [0,1] — R be the function defined by

¢(t) := (DL, (9 + tz)|z).

(A1) implies that the mean value theorem could be applied on ¢. Hence, there
exists a number A = A(w, x) € (0,1) such that

¢(1) = 6(0) = ¢'(N)
= (DL, + )|z) _<DLn(1§)|:C>A: (DL (d(x z))zlz),
(44) = (DL, +a)lr) = (DL(D)afe) + (DL, ()[x)+
H(D2L(I(x)) — DQLW)) )+
H(D2Ln(0(x)) — D*L((x)))x|z).
where J(x) = 9 + Az.
Let Cym be the event defined by the following inequalities:

(4.5) sup |[DL,(9) — DL(Y)| < %’"q
VEXm
(4.6) sup |D?*L,(9) — D*L(9)| < 1q
196Km+1 6
(4.7) b e K
(4.8) 00, 50) > em

where 61 is the random function from Lemma 4.2. Let z € R? be such that
|z| < &y, and let ¥(z) be from (4.4).
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On the event C,,,, U(z) € Kpy1. Moreover, (4.5) and (4.7) imply

(4.9) DL, ()| < Zq.

Since |0(z) — 9| = |\z| < |#] < &, (4.8) implies

(4.10) sup [D?L(A(x)) ~ DL(I)| < ~q

2| <em 6

by the definition of the random function §("), and (4.6) implies

(4.11) sup [D?Ly,(0(x)) — D*L(V(2))| <

|z|<em

Cb“—‘

For all z € R? such that || = &, (4.9-4.11), (4.4) and (4.3) imply
~ 52

(4.12) (x| DL, (0 + x)) < —qu <0

on Cppm. Moreover, (4.6) and (4.8) imply

DL, (9 + &) — D2L(J)| < %

and this and (4.3) imply that D2L,(J 4+ 2) < 0 for all z € R? such that
|z| < éem. Hence Chy € Qpy, and

P(Q7,,) < P{supyex,, [DLn(V) — DL(Y)| > =q}
+P{Sup19€lCm+1 |D2Ln(/(9) - D2L( )| Z
+P{0 € K&} + P{oW (D, 2q) <em}-

q,

Em

_l’_
s+

which implies (4.2), since J € ©, 61 (¥, 1¢) > 0 and (A3) holds.

Let us prove the statement (iv). Let n,m € N, A > 0 and K > 0 be
arbitrary numbers, and let 62 be the random function from Lemma 4.2. On
the event

B ={|(D’LO) <K, §7(), 55
7.96’Cm7 |’l9 _19|S€m7 Sup’ﬂG/C

L) >em, DL, (19 ) =0,
|DL,(9) = DL(V)| < g3z A 3

m—+41

I, € K41 and

Oa=dl < (DO DL D s
< |(D2L(19)2*| |DL(95) — DL(9) — D*L(0) (5 — 9)[+
+|(D2L(9) 7| - [DLn (D) — DL (n)lé
< Kghln 0| + KgmmA <
R R < |19 _19|+2'7nA
= [0, —9J| < 'YnA
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Hence, B C {~; !J, —J| < A}. This implies

P{y; o — 0] > A} < P{|(DL <>> > K+
+P{D (D, 5i) <em} + P{I € K5 )+
+P{|9,, —0| >€m}+ ]P’{DL (V) # 03+
+P{supye,, ,, |DLn(¥) — DL(Y)| > 5 mA}.

Since (A3), (i) and (ii) hold,

im 4 4o Timy, P{y;; [, — 9] > A} <
< P{(DALW) Y > K} + P{6@ @ 3%) < Em}+ P{J € K&,}.

Letting first m — 400 and then K — +o0,

. T —1134 _ 3 —
AEIEooh’rILn Poo{vn |9 — 9 > A} =0

which proves (iv).

Finally, let us prove the last statement of the theorem about the existence
of a F,-measurable version of the estimators. Assume that (A4) and (A5)
hold. Let IC,)y, €, m € N, be as above. For n,m € N, the event

Qom 1= U U ({ sup (DL, (9 + z)|z) < 0} U
PEK QL nE(0,em)NQ  1EI=T
U{ sup sup (D*L, (¥ + z)&[¢) < 0} U
‘w‘<87n |£|—1
U{ 1nf L,(0+2x)> sup L,(0+x)})

|z|>em

is in F,,. By the similar arguments to those used for 1§n, there exists a unique
point @;m € O of global maximum of the function ¢ — L,(3d), L, : © — R,
on the event ,,,,. Hence w Q%m (w) is a F,-measurable random variable
on Q,,,, by Lemma 4.1 (i), and 9/, : Q — © defined by

p 9 (W) if(GmeN)we Qum
O ) = {19* if (YmeN)w¢ Qum

is F,-measurable random variable. Here, 9, is an arbitrary fixed point in ©.
Since (A4) holds, Lemma 4.4 could be applied. Let @, (sm A Q) and
Alem A Q) be random Varlables from that lemma. Obviously, 9 =, on
Qi N Qo N {inf 41 <en) L W0+ ) > SUD|g|>e,,nQ Ln (9 + )} for any
n,m € N. Therefore, to prove that 19n, n € N, satisfies (i-iv) it is sufficient to
prove that
(4.13)
limIimP(Q°,,) = hm lim P{ Lo(0+z) < sup  Ly,(d+z)} =0.

n
m.on n |I|<5(8m/\Q) |z|>emAQ



APPROXIMATE MAXIMUM LIKELIHOOD ESTIMATION 151

Let n > 0 be a rational number, and let C7,,,, be the event defined by (4.5)
with e, being replaced with 7, (4.6-4.8) and

(4.14) semNQ) = 7

(4.15) Q > em

(4.16) sup |La(9) — L()| < ~EmAQ)
9€EO 4

By using the same arguments as in the proof of (4.12) we conclude that

X 2
sup (x| DLy (Y + x)) < —%q <0
z|=n

on the event C;,... Moreover, since (4.3), (4.6) and (4.8) hold,

sup sup (D?L, (9 + z)€[€) < 0
lz|<em [§]=1
on C},,,, too. Finally, let z,y € R be such that |z| <7, |y| > &, and D+,

D+yeO. Since 0 <1< s(emAQ) =5(em) < em < Q by (4.14-4.15) and
Lemma 4.4 (ii),

(416)  A(e, .
> - (E)-i- f LW@+z)— sup LY +y)
lz|<n ly|>em
Alem 5
(i ) L. @+y)
Alem A
> (g ) + Ln(V +y)
which implies
. Alen )
inf L,(¥+z)> (¢ )—I— sup L, (9 + x)
|lz|<n 2 [2]>em
on C},,,,. In particular,
A Alem N A
inf L,(Y+z)> Almn Q) + sup L,(¥+x)
2| <s(emAQ) 2 2] >emAQ

holds on Cy,,,,,, for n = s(em A Q). Since the functions ¥ — sup |, (DL (9 +
z)|z), sup|g|<e,, sup‘g‘:1<D2Ln(19+m)§|§:>7 inf |z <y Ln(9+2)=sup|y >, Ln(I+
r) are continuous at J = ¥, Cy,,, C Q. Because @ > 0, s(em A Q) > 0

and A(e,, A Q) > 0 by Lemma 4.4, and 6§ (9, £q) > 0 by Lemma 4.2, and
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because (A3) and (A5) hold,
lim lim MP(C/C ) =0 and

m n—0 nmn
lmTmP{ inf L,0+2)< sup L,={+z)}=0
m n lz|<s(emAQ) || >emAQ
which implies (4.13). O

PROOF OF THE COROLLARY. Let n € N. Since 9, is a unique point
of global maximum of F,-measurable function L., ¥, is an F,-measurable
random variable by Lemma 4.1 (ii). Moreover, on the events Q,,,, m € N,
J,, coincides with the estimator ,, defined in the first part of the proof of
Theorem 3.1 since ¥, is a unique point of local maximum too. From this,
(i-iv) follow just as in the proof of the theorem. O

REMARK 4.5. Note that the same assertion as in the corollary holds under
the following weaker condition: (A1-3) hold and for any n € N, there exists a
sequence (Anm;m € N) of events in F,, such that (i) lim, lim, P(AS,,) =0,

(ii) on Apnm, there exists a unique point of global maximum ¥, of L, (9),
¥ € O, and (iii) on Ay, there exists an open ball U, C © with center in ¥,
such that 9¥,, € U,, and 9, is a unique stationary point of L,, on U,,.
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