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ABSTRACT. In the course of developing a spectral theory for non—
selfadjoint elliptic problems involving an indefinite weight function, there
arises a transmission problem which has not previously been dealt with.
By reducing our problem to one for ordinary differential equations with
the aid of the Fourier transformation, we are able to resolve the problem
and to establish a priori estimates for its solutions which we require for the
further development of the theory.

1. INTRODUCTION

A particular problem which arises in the course of developing a spectral
theory for non-selfadjoint elliptic boundary value problems involving an indef-
inite weight function is that of obtaining a priori estimates in a neighbourhood
of the origin in R™, n > 2, for solutions of equations of the form

LWV (z,D)u — ¢*w(z)u=f; in R7,
(1.1)
L@ (z,Dyu=fo in R”,
Here x = (21,...,2,) = (2/,2,) denotes a generic point in R™, D =
(D1,...,Dy), Dj =0/0xj for j =1,...,n, R} = {xr € R" | x, > 0}, R =
{z € R" |z, <0}, LM (resp. L(?) is a linear differential operator of order
2m defined in M (resp. R™ ), where ~ denotes closure, ¢ is a complex param-

eter varying in a closed sector ¥ of C with vertex at the origin, and w(z) is
a real-valued function in L*°(R" ) such that w is uniformly continuous and
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|w(z)| has a positive infimum in that subset of R’} for which |z| < 1. Our
assumptions concerning (1.1) will be made precise in §2.

For 7 = 1,2, let Léj)(ac,D) denote the principal part of L) (z, D), let
Lé]o) (D) = Lé])(O, D), and let wy denote the limit as  — 0, z € RY, of w(x).
Then by appealing to a well known method, we can reduce our problem con-
cerning (1.1) to that of obtaining a priori estimates for solutions of equations
of the form

L(%) (D)u — ¢*"wou=f; in R7,
(1.2)
LY (Du=f, in R".

Furthermore, by employing the method of [1] (this involves eliminating the
parameter ¢ by introducing a new space variable t), we can reduce our problem
concerning (1.2) to a more standard one, namely to that of obtaining a priori
estimates for solutions of equations of the form

Alu = fl in Ri+l,
(1.3)
AQU = fQ in RriJrl,

where A, = Ay(D,D;) = Li)(D) — (—=1)™wee?? D2™, D, = 8/t, 6 =
arg ¢*™, Ay(D) = L(D), RY™ = {(z,t) € R | z, > 0}, and
R"*" = {(z,t) € R™"! | 2, < 0}. Hence, since in the sequel we shall impose
conditions which ensure that A; and A, are elliptic, and since transmission
problems for elliptic equations have been the subject of much investigation
(we refer to [5] and [20] for the relevant references), it is very tempting at this
stage to subsume (1.3) by the more general transmission problem

A1u1 = fl in Ri-’_l,
(1.4)
Asus = fo in R™T

Diuy —Diuy=0 on z,=0 for j=0,...,(2m—1),

and then arrive at the required a priori estimates by appealing to the liter-
ature. Unfortunately, though, the problem (1.4) falls outside the scope of
the investigations cited above. Indeed, to clarify this last statement, let us
remark that the usual method for obtaining a priori estimates for solutions of
(1.4) (see [20]) is to map the closure of R™™" onto the closure of R, and in
this way reduce the problem (1.4) to a boundary value problem for an elliptic
system acting in Ri“; the required a priori estimates can then be directly
obtained from [4]. However, if one applies this method to the problem (1.4),
then one arrives at a system which is not elliptic, and hence the results of [4]
cannot be used. Thus in order to resolve our problem, new methods must be
introduced.



A TRANSMISSION PROBLEM FOR ELLIPTIC EQUATIONS 91

One finds in the literature many papers devoted to the spectral theory
for general selfadjoint elliptic boundary value problems involving an indefinite
weight function (cf. [14], [15], and [19]). However for non-selfadjoint prob-
lems, most of the literature to date is restricted to the case where the elliptic
operator involved is of the second order, i.e., m = 1 (cf. [9], [10], [11], and [13]).
To show the connection of our work with the works just cited, let us point
out that for the case m = 1, a priori estimates for solutions of a less general
problem than (1.1) were established in [9] and these were used in [10], [11],
and [13] to derive information concerning the completeness of the principal
vectors in certain function spaces and the angular and asymptotic distribution
of the eigenvalues of the operator induced in an appropriate Hilbert space by
the non-selfadjoint elliptic problem. Analogous results were also derived in
[6], [8], and [12] for the case m > 1, but only under the assumption that the
reciprocal of the weight function was essentially bounded in the space con-
cerned. Hence as a consequence of the a priori estimates established in this
paper, we are now able to extend these results to the case where the weight
function vanishes on a set of positive measure, and indeed this topic will be
treated in a subsequent paper.

In §2 of this paper we introduce some further assumptions and state our
main result (see Theorem 2.1). §3 is devoted to some technical results which
we require for the proof of Theorem 2.1 and these are used in §4 to prove the
theorem.

2. THE MAIN RESULT

In this section we are going to introduce some further assumptions con-
cerning (1.1) and state the main result of this paper (see Theorem 2.1 below).
Accordingly, in conjunction with the notation given in §1, we introduce the
further notation D* = D" --- D% where a = (a1, ..., Q) is a multi-index
whose length 3°7_ | «; is denoted by |a|. Furthermore, for 0 < s < oo and G
an open set in RP(p € N), we let H*(G) denote the usual Sobolev—Slobodeckii
space of order s related to L?(G) and denote by (., .)s.¢ and || ||s.¢ the inner
product and norm, respectively, in this space, while for s < 0, we let || || gn—1
denote the norm in the Bessel-potential space H3(R"™!) (see [21, p.177]).
Also for d > 0 we let By denote the open ball in R™ with centre at the origin
and radius d. Turning now to (1.1), we henceforth suppose that
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Assumption 2.1.

(1) LM (z, D) = 2 lal<2m a&l)(:c)Do‘, where the a&l)(:c) are complex—valued
functions in L>(R"}) such that P ec? (R} N By) for |a| =2m;
(2) LA (x, D) = > lal<2m ag)(:c)Do‘, where the a,(f)(:c) are complex—valued
functions in L>°(R™) such that a%? is of class C™ R* N By) if m < |a| < 2m
and of class C?*™(R™ N By) if |a| = 2m;
(3) (~1)™Lig (€) — wog®™ # 0 for all & = (&1,...,&) = (¢,6) € R™ and
q € X satisfying [£] + |¢| # 0;
4) L3)(0, D) is properly elliptic.
( properly ellip

For v € H*™(R") and ¢ € ¥\{0} let us introduce the norm

el = llull2m g + lal*™ [[ullo gx

while for u € H?*™(R™) and ¢ € X\{0} we introduce the norm

lully = lulzmze +la™ 2wl 2,0

9 , 1/2
a2 ([ IO i)

Then our main result is contained in the following theorem (here we write
supp for support).

THEOREM 2.1. Given any € > 0 there exists a 6 > 0 such that for any
u € H?>™(R™) with suppu C Bs and any q € ¥ with |q| > €, we have

ullly +Mullly; < e

|0 = @ra@)al] , + 12O uloz:

0.R7?

0 , 1/2
+|Q|m_1/2(/ H(L@)u)(.wn)H(ml/Q)anldxn) ],

where the constant ¢ depends upon the ay) (z) and their derivatives, w(x), X, €,

m, and n, but not upon u or q.

3. PRELIMINARIES

In this section we are going to derive some results which are needed for
the proof of Theorem 2.1 Accordingly, for |g| > € let

L (D) =LY (D), LL(D,q) = L{)(D) — ¢*"wo,
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and for u € C*°(R™) with suppu C By, 0 < d <1, let
(3.1) (a:lL,(D)u) (x) f-(x) for zeR”,
(32) (a;1L+(D7Q)u) (‘:C) = f+($,q) for z € R17

where a4+ denotes the coefficient of D?lm in the operators L. Then

LEMMA 3.1. For 0 < r < m we have

H (Dpu)(.-,0) Hmerfl/Q,]Rnfl

< e[l sullozy + 1L ullozn + ()| (D), 0)] gs

g2 (Do) (-, 0)]]g g < clnmno,m

2m—1

9 1/2
+ Z |q|2m_]_1/2(/ H(L—u)('7wn)||2_(2m—j—1/2)7]R"ldx")
j=m -

(@l Dy ,o>uOVRM] ,

where ®(d) = 0 if m = 1, ®(d) = dm~V/2=D/20n=1) if > 1, and the
constant ¢ depends only upon the agf)(O) (la] =2m), wo, X, €, m, and n.
PRrROOF. Writing t for z,, let

U(glvt) = (fu)(ﬁl,t), F+(§/,t, q) = (ff+)(£’,t, q), F- (glvt) = (ff_)(§/7t),
where Fv denotes the Fourier transformation of v with respect to 2'(z" — &),
and let us also introduce the notation g(")(t) = d"g(t)/dt" for r > 0. Then it
follows from (3.1-2) that for each pair (¢',q), U(£',t) is the unique solution
of each of the initial value problems

a 'L_(i¢',d/dtyy = F_(¢&,t) in —d<t<0,
y"(=d) = 0 for r=0,...,(2m —1),
(3.3) and
a;'Ly(ig,d/dt,q)y = Fi(¢,t,q) in 0<t<d,
y"(d) = 0 for r=0,...,(2m—1).

Let us now hold & # 0 and ¢ fixed and write y(t), h4(t), and h_(t)
for U(¢',t), Fr(&,t,q), and F_(&',t), respectively. Then as a consequence
of Assumption 2.1. and [7, Proposition 2.2], we know that in the p—plane,
Ly (i€ ip,q) and L_(i¢',ip) each have precisely m zeros, counted according
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to multiplicity having positive (resp. negative) imaginary parts. Hence it

follows from (3.3) and the arguments of [3, §1] that for r =0,...,(2m — 1),

2
y@) = DY) in —d<t<0,

Jar

—

<.

gr
j=1
where for j = 1,2,
t
= IJ _(r)dr,
—d
f t T h+ )d
(3.4) B o
() = 2m)~t [ (ip)re’m[aZ L (i€ ip)] dp,
]
_ CNr i(h—r _ . —1
I (t,7) = (2m) ! {(W) e[ Ly (i€ ip, q)] dp,
vj

and ﬁ and ~y; are closed contours lying in the half-plane Im p > 0 which en-
close all the zeros of L (i&’,iu, q) and L_(i£’,iu), respectively, having positive
imaginary parts, while 75" and 7, are closed contours lying in the half-plane
Im i < 0 which enclose all the zeros of L (i€’,iu,q) and L_(i£,iu), respec-
tively, having negative imaginary parts. Thus we have

(3.5) y(0) = 327, Y5, (0) and y(0) = — 27, ¥;H(0)

forr =0,...,(2m—1). The equations (3.5) are not adequate for our purposes
in that the integrands I,.(0,7) and I;;.(0, 7) may become exponentially large.
Consequently, in order to eliminate these terms let us observe from (3.5) that

(3.6)  Y;5(0) + Y5, (0) = Y5 (0) =Y, (0) for r=0,...,(2m —1).

Now let {4 }1 (resp. {;, }5 ) denote the distinct zeros of L4 (i€',iu, q) (resp.

L_(i¢',iu)) and suppose that uki has multiplicity mf for k=1,...,sT and
that Im ,uf is positive (resp. negative) for k = 1,...,n% (resp. k = (n* +
1),...,sT). Then it follows from the residue theorem that (3.6) can be written
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in the form
nt mz 1

+r7pJ+
Fr—p+1)(“‘k) T

(=)

k=1 p=
my —1

(3.7) Z er—p+ (i )" T, =

k=n—4+1 p=0

=-Y,H(0) =Y}, (0) for r=0,...,(2m —1),

where I'(z) denotes the Gamma function,

+d

T =+ / ¢ PE (7)hy (r)dr,

0
and P];;(T) is a polynomial in 7 of degree m,f — 1 — p whose coefficients are
polynomials in the (u,f — uj—t)_l, j # k. We may view (3.7) as a simultaneous
system of 2m linear equations in the “unknowns” J,j;, and we let 4 denote
the 2m x 2m matrix constructed from the coefficients on the left side of (3.7).

Then it is not difficult to verify that
:

(3.8) det A = (ﬁ mﬁlg ) ]n_[ — )™ £ 0,

k=1 j=1 Gyk=1

i>k
ot ot _ + - _
where my, = my;, vy =iy, for k=1,...,n" and mp+ 1 =m 4, Vptyp =
i,y fork=1,..., (s~ —n7), while nf =n* + s~ —n~. Hence if we solve

(3.7) for the J,j; and bear in mind that the first (resp. second) double sum on
the left side of (3.7) is Y;1(0) (resp. Y5, (0)), then we see that

Y5, (0) = = 32570 Qs (Y35 (0) + Y15(0))

Yir(0) = = X505 Q5 (Y (0) + Y15(0)

for r =0,...,(2m — 1), where Q_; = det A/ det A, Q= det A/ det A,
and with A = (ags), 1 <k, s < 2m7 AL (resp. A:FJ) is the matrix obtained
from A by replacing the (j 4+ 1)—th row of A by (0...0ar41,m+1 - - - Cr+1,2m)
(resp. (@r41,1---Gry1,m0...0)).

Let us next fix our attention upon a pair r, 7 and for z € C and ¢ an
integer satisfying 0 < o < 2m—11et f,(z) = 29. Then employing the notation
of (3.8), we assert that

(ﬁ I (=) ),

k=1/¢=nt+1

(3.9)
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is a determinant of order 2m whose entry in the (¢ + 1)-th row and
(Zz;i my +p -+ 1)fth column (1 <s<nt, 0<p<m,—1)is

1 fo(2)
%/ 1 dz,
ge ( j1 (2 — Vlc)m") (z — v, )Pl

where 7; is a closed contour lying in the left-half of the complex z—plane en-
closing all the v, for which 1 < k < n™*, and we are to replace f,(2) by f.(2) if

o = j, while its entry in the (04 1)-th row and (m + EZ;}ﬁH mi +p+ 1)7
th column (nt +1<s<nf, 0<p<m,—1)is

L fo(2) o

211 _
Y2 < Z:iz*-{-l(z - Vk)mk> (2 —vg)P Tt

where 5 is a closed contour lying in the right-half of the complex z—plane
enclosing all the vy, for which (n* + 1) < k < n', and we are to replace f,(z)
by 0 if 0 = j. To establish the assertion, let us firstly suppose that the uf
of (3.7) are all simple zeros. Then by successive subtractions of the first m
columns and of the last m columns of Q;Lj =k~ ldet Afj (k = det A) and by
appealing to the results of [16, p.231] concerning the calculus of differences,
we immediately obtain the validity of the assertion for this case. Turning to
the case where the u,f are not all simple, let us replace L (u) and L_(u) by
Ly (u)+¢ and L_(u)+¢, respectively, where for brevity we have written L (1)
for Ly (i€ ip,q) and L_(u) for L_(i€',iu), and where ¢ € C\{0} is small in
modulus. Let us also denote the analogue of Q;Lj for the perturbed polyno-
mials by Qj](( ). Since the zeros of Ly (1) + ¢ are all simple, the assertion is
certainly true for Q:rj (¢). On the other hand, by successive subtractions of
the columns of Q7;(¢) corresponding to those zeros of L (u) + ¢ which tend
to a common zero of Ly (u) as ¢ — 0, by appealing to the results of [16], and
by making use of the Taylor series expansion of f,(z) about the points vy, it
is not difficult to show with the aid of the residue theorem that ij({ ) — ;LJ
as ¢ — 0. In light of these facts, we need only let ( — 0 to arrive at the

assertion for the general case. Hence if we put p = (|¢/|*> + |q|2)1/2, then it

follows from what we have just said about Q;”J and from the Laplace method
for expanding a determinant that

Q7€ q)| < epmI (€' /p) ",

where the constant ¢ does not depend upon r, j, £, or ¢q. Similarly, we can

show that
max{j—m+1,0}

Q€ )| < clg'"7(1€']/p)
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We conclude immediately from (3.4) and the second equations of (3.5) and
(3.9) that for 0 <r < m,

(o2 (ORI R —

_ , 2
< C{||L+U||%,R1 + ”L—u”%,RL‘ + H(]: 'X) * (‘Dnu)('70)H01Rn—1j|7

|q|2(2m7r71/2)H(D2u)( . ,O)H;RH < c[||L+u||§R1

2m—1

0
T Z g2 / H(L—“)('7wn)||2—(2m—j—1/2),Rn*1dx"

Jj=m s

) (L))

where x = x(¢) denotes the characteristic function of the set {¢' €
R g < 6 = d/2m=D for j = 1,...,(n — 1)} if m > 1 and is zero
otherwise, x denotes convolution, and the constant ¢ depends only upon the
a((f)(O) (|a| = 2m), wo, 3, €, m, and n. Observing from [21, Lemma 2.2.4,
p.167] that (F~1y)(a) = (2/m) (= 1)/2 H;le (sin{éxz;})/xz;, the assertions of
the lemma now follow from an argument similar to that used in the proof of
Young’s inequality for convolution integrals. 0O

Turning to the next result of this section, let f € C°°(R™) such that
supp [ C B; and let us introduce in R™ the function g(x) by putting

9@’ x,) = f(2',x,) for =z, <0,
¢

chf(ac',—:vn/j) for x, >0,
j=1

where £ = 2m+2n+3 and Z?Zl(—j)ch =1forr=—(n+1),...,(2m+n+1).
It is important to observe that ¢ € C"*1(R") and suppg € By. For 0 #
& e R let Uy (€) = G(§)/L- (i), where G(§) = (Fg)(€) and F denotes the
Fourier transformation in R™ with respect to z (x — ¢), and put u; = F~1U;.
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LEMMA 3.2. It is the case that u; € H>™(R™")NC?™(R™) and L_(D)u; =

g in R™. Furthermore, (1+ |gc|)n+1 (D“uq)(2) is bounded in R™ for any multi-
index « satisfying || < 2m. Finally,

o0 1/2
[y A e e oy

7 1/2
= C(/H(f("”“""W(m1/2),Rn1dm"> ’

where the constant ¢ depends only upon the a((f) (0) (|a| = 2m), m, and n,

but not upon f.

PrOOF. For multi-index o = (s, ..., an) let D = Df*--- DI where

n

D; = 0/0¢; for j = 1,...,n. Then it follows from the definitions that (1 +
|§|)nJrl (D*G)(§) is bounded in R™ and that Uy (€) = (f, h)o,r~, where

E — E(x’ 5) — (((;;)):-;21 > (6721m+n+1 ) x%m-l—n-l—le—iflm/

L_(¢)
[e%S) . 14
(—i€nn)" P 2mAn—42
X 1— _A\r+H2m+n .
7g;)(7“—1-277@—#71—&-1)! j:l( 7) )
h denotes complex conjugation of h, and - denotes the inner product in

R"~1. We conclude from these facts that £2U;(¢) € L3(R,) N LY(R™) for
o] < 2m, and hence it follows from an argument similar to that used in
the proof of Lemma 2.10 of [18, p.72] that u; € H?™(R™) N C?*™(R"). That
L_(D)u; = g in R™ is now an immediate consequence of these results and
the definition of u;. Moreover, if « is the multi-index given in the statement
of the lemma and 8 = (84, ..., B,) is any multi-index satisfying |3 < n + 1,
then it is clear from what has been shown above that D7 (£2Uy(€)) € L*(Ry,),
and hence x%(D%uy)(z) is bounded in R™. It follows from this fact that
(1+ |x|)"+1(Do‘u1)(:E) is bounded in R", and thus all the assertions of the
lemma, except the last, have now been proved.
In proving the last assertion, we shall make use of the fact that

/ ||(szmul>(-v»’Cn)HZ—<m_1/z),Rnfldz":/(1+|5I|2)7(m71/2)53m|U1(5)\2d§-

R™
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Then fixing our attention firstly upon the case 0 < [¢] < 1, we have
0

(1+|£|2)(m+1/2)/2U1(§) = /(f(.7wn),’l}1(.,xn,f))oykn,ldwn,

— 00

0

EUE) = [ (a2 ) s,
where 71 (a2, &) = x(2)(1+ [¢)) " h(@,€), Baa', w0 €) = x(@)x
(1+1¢12) "2 22w, €), and () € C(R™), 0 < x(2) < 1, x(z) = 1
for x € By, and supp x C Bs. Hence if we let (., .) denote the pairing between
H;(mfl/Q)(R"_l) and its dual H™ /2(R"~1), then for —c0 < z, < 0 we
have

m—1/2)/2

(1 + |§/|2)*(

(o) i wm )| = [(FC 20,75 20, )

= Hf("m")H—(m—l/Q),R"*1||5j("x"’g)Hm—l/QJR"*l

for 7 = 1,2, and so we conclude that

L - / (14 [62)™ 2 Uy o) P +
[¢l<1
(3.10) / (14 12) "D gim |y o) e
[€l<1
0
< e [T e s

where here and below ¢ denotes a generic constant which may vary from
inequality to inequality and which only depends upon the ald (0) (Ja| = 2m),
m, and n. On the other hand,

Lo = /(1+|§|2)’”“/2|Ul(5)\2d§+

|€1>1

/ (14 [¢/2) "D gim (o) e
[€]>1

< C||g||27(m71/2),]R"§C/ Hg(-,In)Hz_(m_l/mRn,ldIn,

and hence it follows from the definition of g that (3.10) remains valid when
Iy there is replaced by I,. This completes the proof of the lemma. 0O
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We come now to the final results of this section; and in proving these
results we shall make use of the extension operator E : C?™(R™) — C*™(R")
defined by

(Ef)(:c/,xn) = f(x/,xn) if x, <0,
2m—+1
= chf(ac',—acn/j) if x,>0
j=1

for f € C?™(R™), where Z?:lﬂ(—l/j)rcj =1forr=0,...,2m.

LEMMA 3.3. Let u € C*(R") such that suppu C By and let b € L>(R™)
such that b is of class C*™ in some subset of R” N By containing suppuNR™ .

Let o = (aq,...,an) be a multi-index satisfying || = 2m and let v > 0.
Then

0
S AN@ @) )| oy o < C[Va"Hb“HmH/ZR"

— 00

(3.11) .
_|_,yo¢n72m _f H (Dim(bu)) ( . ,IEH)H2(m1/2)7Rn1dCEn:| ,

where the constant ¢ depends only upon m and n.

PRrROOF. We have

0
o A0 e "
o
< ( (1+ |§’|2)’"‘“““/2}(D;‘;nf(bu))(g’,xn)y?czg’> i,
4 Rn/l
< / (14 [€2)™ 0 12 e, Pon | (FE(bu)) (€) | d,
R’n

where F and F are the Fourier transformations in R®~! and R", respectively,
introduced above. Hence if in this last integral we decompose the domain of
integration into the sets Q = {¢ € R™ | £2/(1 4 [¢[?) < v and R™\(2, then we
obtain

I S ,yan

E(bu) Hm+1/2,JRn

| <1+|5'|2>‘<m‘””( / \<fDimE<bu>><§an>\2dwn)dfﬂ

Rn—l —
and the assertion of the lemma follows immediately from the definition of

and some standard interpolation results (see Theorem 5.1, p.27, Theorem 7.1,
p-30, and Theorem 9.1, p.40 of [17]). O
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A scrutiny of the proof of Lemma 3.3 shows that

COROLLARY 3.4. Let u and b satisfy the hypotheses of Lemma 3.3 and
let r € Z satisfy 0 < r < 2m. Then the inequality (3.11) remains valid when
the expression on the left side of this inequality is replaced by

e / (DL F00) € )

Rn—1

4. PROOF OF THEOREM 2.1

Let us suppose firstly that u € C°°(R™) such that suppu C By, 0 < d < 1.
Then referring to the beginning of §3 for terminology and assuming henceforth
that |g| > e, it follows from [7, §3] that

m—1
lall < efizsulozs + 3 (ORI O,y e
r=0

D Ol )]

where here and below ¢ denotes a generic constant which may vary from
inequality to inequality and in each case it can only depend upon some or
all of the quantities a((f)(O) (|a| = 2m), wo, 3, €, m, and n. Hence in light of
Lemma 3.1 and the interpolation and trace inequalities of [7, §1], we obtain

ully < c|llLyullogry + [L-ullorn

om—1 0 1/2
i 2
+ Z Jaf*m 1/2</ H(Lu)("z")H(2mj1/2)7]R"1d'T">
j=m e
+2(d)]| UIIIZ{] :

We conclude immediately from this last inequality and a minor modification
of the interpolation inequality of [7, §1] that

ullly < ¢

IL+ullory + [[L-ullorn

(4.1)

0 1/2
— 2
+al 1/2< / H(Lu><.,:cn>u_(m_1/wldzn> +<1><d>||u|||;].

— 00
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Likewise it follows from [3, Theorem 14.1] that
m—1
fullmze < € I2-uloze + 3 IO Oy yjages |

r=0

and hence by arguing as in the previous case, we obtain
(42)  fulompr < c[ILulory + 1E-ulorn + @@ ullF]-

Turning now to estimates for

0 , 1/2
||u||m+l/2,]R7j and (/H(Dimu)('azn)H_(m_l/g))Rn1dzn> )

let gr(z') = (Dhu)(a',0) for r = 0,...,(m — 1), f(z) = (L—(D)u)(x), let uy
denote the function of Lemma 3.2 constructed from the f just defined, and for
r=0,...,(m—1)let h.(z') = (DLuy)(2,0). If ug = u—u; and v = uy | R?,
then v is a solution of the boundary value problem:

L_(D)y=0inR™, D)y=g.(2)—h.(z')onax,=0frr=0,...,(m—1).
Hence if we write ¢ for x,, let
V(') = (Fu)E,1), Gr(€) = (Fg) (&), He(&) = (Fha)(&),

where F is the Fourier transformation in R”~! introduced in §3, and observe
that for each & € R"~1, V(¢',t), as a function of ¢, is in H2m((—oo70)), then
it follows from [3, §1] (see also [7, §3]) that for £ # 0 and ¢t < 0,

m—1

(4.3) V(E ) =D (Gr(&) = Ho(€)) (1),
r=0

where

(4.4 0,(¢0) = [ e Ty,

v is a closed contour lying in the half-plane I'm p < 0 which enclosed all the
zeros {1 (§’)}T of L_(&', u) having negative imaginary parts, M~ (&', u) =
H}n:l (1 — (&), and N,(€,p) is a polynomial in 1 whose coefficients are
infinitely differentiable functions of ¢’ for ¢’ € R"~1\{0} and which is positive
homogeneous of degree m — r — 1 in all its arguments.

Next with F denoting the extension operator and F' the Fourier trans-
formation in R™ introduced in §3 and bearing in mind (4.3-4), we have for
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5/#07
(2m)Y/2(FEv)(€) = / e St (FEv)(€,t)dt
— N [ [ e
, — G (&) — H,(¢ (S it(p—&n)
(45) > () H(“)V/M@““)uf @
2m+1 0
+ ) e / e““‘ﬂfn)dt] dp.
=1

Observing that the expression in the square bracket on the right side of (4.5)
is just

_Z-[ ! +2§1 J¢ ]_—i<2ﬁ1(1+j))u2m+1/(u—§n)2nﬁ1(u+j§n),

p—&n o pt I e e

we conclude that

m—1
(FEO)©)] < ¢ Y [Go(€) = H(€)] /11 (1 +Igal/IE)
r=0

2m—+2

Thus if we put

9 1/2
m 2
WO = lolhmizze + ([ 1OZ OO yymynrtt)
then it is not difficult to deduce from this last inequality that

1/2
W () < | E0ll 120 + ( / (1+ |5'|2)‘”“/25;tmw<FEv><§>\2ds) <
]Rn

m—1
c |:||v||0,R" + Z (H(D:Lu)( : 7O)Hm,7«7Rn71 + H(D:zul)( ) O)HmTRnl):| )
r=0
and hence it follows from a standard trace theorem that
(46) W) < cflullogn + lullmpryoey + it lngrjzzs |
Observing from [9, Proposition 3.2] that

lullogr < [|Eullogn < cd™ 2] Bull i1 /o,n,

we conclude from (4.6) and a minor modification of the interpolation inequal-
ity of [7, §1] that

P20 () < e[ 2 g 2 o + I + a2 ()],
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and hence in view of Lemma 3.2 and (4.1-2) we finally obtain

Y(u) = lullly + Mullly < | llLiullory+iz_ulosm +

1/2
mlq[™” 1/2< / [(L-u) H (m—1/2) Rn~ ldt> + (2(d) +d™ Y)Y (u) |.

It follows from this last inequality that if we choose dg, 0 < dy < 1/3, small
enough so that ¢(®(do) + d6n+1/2) < 1/2, then

Y(u) < cllLyulory + [ L-ulorn

1/2
+la|™™ 1/2< / (L) H (m—1/2),Rn— ldt) 1

for d < dy. We shall suppose henceforth that dg is chosen small enough so
that the coefficient of D?™ in L(®)(z, D) does not vanish in 2, where Q =
{x € Byi/24, | n < 0}, and also that d < do.

Let x(d) denote the maximum of the expressions x(*)(d), x((lj)(d) 1<ji<
2, |a| = 2m), where x(9)(d) denotes the supremum of ‘w(:c) - w()’ in the set
Bg MR} and X(J)(d) denotes the supremum of ‘a(J) (x) — a((lj)(O)’ in the set
ByNRY if j =1 and in the set B4 NR™ if j = 2. Then a standard argument
involving the Poincaré inequality shows that the sum of the first two terms in
the bracket on the right side of (4.7) does not exceed

I = g w(@))ully g, + 122 ullopn +er (x(d) + d) (ulllf + lulom e ),

(4.7)

where here and below ¢; denotes a generic constant which may vary from
inequality to inequality and in each case it can only depend upon some or all
of the quantities (Dﬁa(J))( ), w(z), X, ¢, m, and n. Turning now to the last
term, let us observe that for —oco <t < 0,

H L u H (m—1/2),Rn—1 <9|:Il(t)+[2(t)+H(L(2)u)(.7t)H27(m71/2)7]Rn71j|,
where

L) = (L = L&) (0 e

L) = (L6 = L)) (D] oy

Fixing our attention firstly upon I(t), let ¢ € C°°(R""!) such that 0 <
o) <1, ¢(z') =1 for |2'| < dop, ¢(x’) = 0 for |2'| > 2dy, and let us consider
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a typical term a? Do appearing in L) — Lé2). Then for |a| < m we have

0 0
J = /H(agz)pau)(.7?5)H2—(m—1/2),11&n*1dtS/H(“g)Da“)(-775)H0,1Rn71d75

0
2
< o [ 100Dl g st < crlllf g < 1Bl
— 00

and hence in view of [9, Proposition 3.2] and some standard interpolation
results we conclude that J; < cld||u||72n+1/2 gn - Turning to the case |a| > m,

let us observe that if (., .) denotes the pairing between H, ™ /%) (Rn-1)
and its dual H™~1/2(R*~1) and v € C§°(R* 1), then

‘((G&Q)D“u)(-,t%vﬂ — ‘((ag)Dau)(.7t)j)

0,R7—1
(Du)(.,),02(., )v)|
€1 H(Dau)( . 7t)H,(m,1/2)7Rn—1 ||v||m—l/2,R"*17

IN

and hence || (a((f)Do‘u)

and

(- 7'5)||—(m—1/2),1R7H < al[(Du)(. ’t)H—(m—l/2)7]R"*1

0
J < e / (1+|§’|2)'“"”“/2< / !(Dznfw(s’,t)fdt)ds’,

Rn—1
where we have written a = (o/, ;). Thus it follows from an argument similar
to that used in the proof of Lemma 7.3 of [2, p.73] that

J1

IN

0
c1d? / (1+|§’|2)m“/2</ (D2 Fu)(¢,t)|"dt)de’

IN

R 1
0
ad / H(Dimu)("t)Hi(mfl/Q),]R”—ldt
i o] = 0,

0
Jl < Cld2 / (1_|_ |§I|2)m5n+1/2< / ‘(Dg”fu)(g,t)‘zdt)d{/

Rn—1
if |[&’| > 0, where 8, = a, + 1 < 2m, and so we conclude from Corollary 3.4
(with v = 1, b(z) = 1) that J; < c¢1d*Z(u), where Z(u) = HqunH/Q’RZ—I—

0
—L ||(D,21mu)(.,t)||2_(m_1/2))Rn,1dt. It has consequently been shown that
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0
J Li(t)dt < ¢1dZ(u), and furthermore, the same arguments and the Leib-

nitz formula show that if « is a multi-index with |o| = 2m and b(z) =
al?) (x) — a((f)(O), then

0
[ 10Dt O i
(4.8) o

/H(D“(bU))(-,t)Hg,(m,l/Q)Rn,ldt < e1dZ(w).

Fixing our attention secondly upon I2(t), let ¢ € C*°(R™) such that
0<y(x) <1, Y(z)=1for |z| <1, ¢¥(zx) =0 for |x| > 2, let Yq(z) = ¥(z/d),
and let us consider a typical term b, (z)D® appearing in LO2) — L_ for which

oy, < 2m, where b, () = a((f)(:c) - a((f)(()). Then it follows from Lemma 3.3
(with v = d=/Cm=D b(z) = by(z)) and (4.8) that

0
2= / H(baDa“)('7t)||2—(m_1/2),nen71dt <

(4.9) o [d-w@m-”||bau||m+1/2,w+

0
dem—en)/@m=1) / (D2 0) (O sy s+ dZ ()|

Now let us observe that b, D%u = by D“u and that for any multi-index g,
with |3] < 2m, we have |(D?(batba))(z)| < c1d*~!%! for x € R™. Further-
more, if v is any multi-index satisfying |y| < m, then we can appeal to [9,
Proposition 3.2] and argue with the extension operator E as we did with Jy
above to show that

||D’Yu||g)RTi <cd? (m+1/2-11) 1wl mg1/2,m7 5

|(DYu)(z) — (Du)(y)|”

|z —y[ ! dady < Cldz(m_hl) lullmt1/2,mm -

R™ xR™
Hence it follows from the definition of |[bau||mq1/2,r7 (see [9, Eq. (2.3)]) that
||bau||72n+1/27m < c1d2||u||fn+l/2)m, and so we conclude from (4.8-9) that

0
Jo < ¢ |dZ(u) + dM/m=Y / H(bpgmu)(.,t)||i(m_l/2) i
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On the other hand, we can argue with the pairing (.,.) between

Hy "2 (Rn=1) and its dual as we did above when dealing with J; to show
that

0 0
J 10D 000 st S e [ DO sy s

and hence it follows that Jy < ¢1d" (™1 Z(u). Moreover, if we let a(z) =
agi)wn (z) and b(x) = a(z) —a(0), where e, is the unit vector in R"™ whose last
component is 1 and all other components are 0, then we have

wxxzﬁmuxw>=(waawa)kL@%n@»— Y @@ 0w)@)| i R

|al<2m

where we define b(x)/a(x) to be zero in R”\Q and 3’ indiates that the
summation is over those a for which v # 2me,,. Hence if we argue as we
did above with J; (replacing a((f)(:c) there by b(;z:)a((f) (x)/a(z)) and with Jo
(replacing b, (x) there by b(m)a((f)(x)/a(x) and observing that (4.8) also holds
with the b(z) there replaced by this latter term), then it is not difficult to
verify that

0
JIODE O et

0
2 i
< Cl|:/H(L(2)u)('7t)H(m1/2)7R7lldt+dl/(2 UZ(U)}

Thus we have shown that
0

0
2 m—
/Ig(t)dtgcl[/ H(L<2>u)(.7t)]\7(m71/2)7w1dt+d1/<2 1>Z(u)].

— 00

As a consequence of the foregoing estimates, it follows from (4.7) that

Y0 < a0ty + Il

9 , 1/2
+|Q|m_1/2(/||(L(2)u)(.7t)||_(m_1/2))Rn1dt>

+(x(d) +d"/ 2<2’”””)Y(u)] :
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and hence if we choose 0,0 < & < dp, small enough so that ¢; (X(d) +
51/2(2m_1)) < 1/2, then the proof of the theorem is complete for the case
of u smooth. The proof of the theorem for the general case now follows from
a standard approximation procedure.
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