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A CLASS OF 2 x 2-MATRIX FUNCTIONS

HEINZ LANGER AND ANNEMARIE LUGER

Technische Universitat Wien, Austria

ABSTRACT. For a special class 2 x 2-matrix functions Q operator
representations of €(z) and Q(z) := —Q(z)~! by means of self-adjoint
linear relations A and A in a Krein space K are given. Since Ais a2
dimensional peturbation of A, results of [LMM] imply that “singularities
of positive type” of  remain singularities of positive type of Q with the
possible exception of isolated points which have a “finite negative index”.

1. INTRODUCTION

The 2 x 2-matrix functions considered in this note are of the form

(1) = L)

where my(z) and ma(z) are Nevanlinna functions, that is, they are defined
and holomorphic in the upper and lower half plane and

o)

Cx .
%ﬂ(z)zo if S240, j=1,2.

Sz
If we denote by oess(m;) the set of nonisolated singularities of m(z), it is clear
that outside of g5 (1M1)U0ess (m2) the singularities of Q(Z) are just poles. The
main result of this note is that e.g. for each point Ag € gess(m1) \ Gess(m2)
there exists an open interval A, A\g € A, such that

(1.2) Q(z) = Qalz) + Qa(2)
where Q- (z) is holomorphic in A, Oa (z) is holomorphic outside of the closure

of A and QA(Z) belongs either to the Nevanlinna class or to a generalized
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Nevanlinna class N2*? for some positive integer x (for the definition of this
class see Section 2). In the latter case Ag is a generalized pole of nonpositive
type of Qa(z) which can also be characterized analytically, see [BL].

This result is proved by using a realization of the matrix function Q(z).
The main operator A in this realization, which is selfadjoint in a Krein space,
is a two-dimensional perturbation of the main operator A of the realization
of the original function

2= (" e )

The second tool for the proof of (1.2) is the classification of the real spectral
points of a self-adjoint operator in a Krein space as those of positive, negative
etc. type, see [LMM]. From [LMM], Theorem 5.1, it is then easy to obtain
the decomposition (1.2). The fact that the operator A is a two-dimensional
perturbation of A is proved in Section 3 using an operator identity and fol-
lowing the lines of [BGK]. In [KL], Section 1.6, a similar but (in the Krein
space case) weaker result was proved.

Finally we mention, that matrix functions of the form (1.1) arise e.g. with
the study of boundary value problems with eigenvalue-depending boundary
conditions, see, e.g., [DLS].

2. PRELIMINARIES

Let (K, [+, -]) be a Krein space, U € L(K) be a unitary operator in K and

let T': C" — K be a bounded linear operator. By I't we denote the adjoint
of I, defined by the relation 'z, f] = (#,I'" f)cr for v € C", fek. We fix

some point zg € C\R and put \(z) := "0 With an arbitrary n X n—matrix
zZ— 20
Qo we define the matrix function
~1
1
(2.1 Q) = Qi+ (- (1= 350) T

on the set D := {z € C: \(2) € p(U)}. Since 0 € p(U), the set D contains a
neighbourhood of Zy and a neighbourhood of zg and Q(z) is holomorphic on
D. Moreover D is symmetric with respect to the real axis and, evidently, Qf =
Q(zp). Additionally we suppose that also the function Q(z) is symmetric, that
is

(2.2) QZ)=Q(2)" for z € D.
This last relation is equivalent to
(2.3) Qo= _pup,

Z0 — 20

Conversely, suppose that an n x n—matrix function Q(z) is given, which
is holomorphic on a symmetric nonempty open set D and which satisfies the
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relation (2.2). Then Q(z) admits an (essentially unique) minimal representa-
tion of the form (2.1), at least on each open set D’ with sufficiently smooth
boundary, such that the closure of D’ is contained in D, see [DLS]. The
representation (2.1) is called minimal if

K=cls.{(U-XN"'Tz: X€pU),zcC"}.
With the self-adjoint linear relation
(2.4) A= (55 — 20U)(I - U),
the representation (2.1) becomes
(25)  Q2)= Q)+ (x—m)H(I + (s — 20)(A — 2) 1T

Here A is a self-adjoint, possibly unbounded operator if and only if 1 & o, (U).
The representation (2.5) simplifies if the condition

(2.6) ranl’ C D(A)

is satisfied. In fact, in this case with T'g := (A—%g)['and S := Q§—T+(A—z0)T
the representation reduces to

(2.7) Q(z) =S +T{(A—2)"'T,.

Recall, that an n x n—matrix function @(z) which is meromorphic in the
upper and the lower half plane belongs to the generalized Nevanlinna class
N2%™ if the kernel
Qz) — Q)"

z—C
has k negative squares. It was shown in [KL] that these are the functions
which allow a minimal representation (2.1) with a ,-space K.

As a more particular case, consider a function m(z) € Ny := Ny *!, that
is, m(z) is a complex function which is holomorphic in the upper and the
lower half plane and has the property

Kq(z,() =

Sm(z)

>0if Sz £ 0.

Sz

It is well known that m(z) admits an integral representation

(2.8) m@)—a+ﬂn+}?<ﬁiz—T£§)mﬂm

—o0
—+oo

1
here o € R, 3 > 0, and o is a positive measure such that / T2 do(t) <

oo. The representation (2.8) of the function m(z) leads in an easy way to



152 HEINZ LANGER AND ANNEMARIE LUGER

an operator representation of m(z). Indeed, the space K and the operators
appearing in (2.1) and (2.5) can be chosen as follows:
K= Lg(R) S5 Cﬁ,
with Cp:=C, equipped with the inner product (£,7)s:=3¢%. We fix some
20 € C\ R and define the linear operator I' : C — K by the relation
1
T':=1| t—=x
1

Then the adjoint operator is

r+< S ) — e+ [ LY go.

5 t— 20
With the operator U : K — K:
1—%
o 10 _ o
: ¢

the representation (2.1) for the function m becomes

oo

m<z>ZM+<z—W+/ <

— 0o

L 1_>do—(t).

t—z t—72

Inserting the point 2y yields

)t

t—ZO t—ZO

2iSm(z0) = (20 — Z0)0 + / (

and therefore
1 t— 2§RZO
t—z |t—% |2

m(z) = a — (Rz0)B + Bz + 70 (

— 00

) do(t)

with a := R®m(zo) is an operator representation of m(z). If, in particular,
zo = i this representation coincides with the integral representation (2.8).
Clearly,

1¢op(U) <« pB=0,
and in this case K = L2(IR) and the self-adjoint operator A is the operator of
multiplication by the independent variable. For this example the assumption
(2.6) is satisfied if and only if the measure o is finite, and then

t—72o t— 2o
Tyl = Iyf= t do(t
o= 1fi= [ 10 2 o),
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and the representation (2.7) becomes

+oo
m(z) =s+ / ;l%(tz).

3. REALIZATION OF THE INVERSE FUNCTION

In this section, starting from a representation of the function Q(z) in the
form (2.1), (2.5) or (2.7), we find a corresponding representation of the inverse
function

(3.1) Qz):=—-Q(2)"", zeD.
In the following, a closed linear operator is said to be boundedly invertible, if
its inverse exists and is defined on the whole space (and hence bounded). The

following lemma (in a slightly different form) can be found e.g. in [BGK] and
[CZ].

LEMMA 3.1. Let X1 and Xy be Banach spaces, and let A and D be densely
defined and boundedly invertible operators in X1 and X, respectively, and let
B and C be bounded linear operators from Xo into X1 and from X into Xs,
respectively. Then the relation

(D+CA'B)y"'=D'-D'C(A+BD'C)"'BD™*
holds whenever A+ BD~1C' is boundedly invertible.
Proor. We have for z € D(D)
(D'~ D 'C(A+BD*C)'BD ') (D +CA 'B)x
=2-D'C(A+BD'C) 'Bx
+D'CA'Bx — D 'C(A+BD'C)"'BD'CA 'Bx
=r—-D'C(A+BD'0)"'[A~(A+BD'C)+BD 'C]A ' Bz =,
since the expression in the square brackets is zero. Also, if x € X5 we obtain
(D+CA™'B)(D™' -D'C(A+BD'C)™'BD )z
=2+ CA'BD 'z -~ C(A+BD'C)"'BD 'z
—~CA'BD'C(A+BD'C)"'BD 'z
=2+ CA [ (A+BD'C)-A-BD 'Cl(A+BD'C)'BD 'z =z,
where again the expression in the square brackets vanishes. O

In the following we assume that the domain of holomorphy D of the
function Q(z) consists of at most two components and that for some wo € D
the matrix Q(wyg) is invertible. Then, if wy # Wy, also Q(wy) is invertible,
hence Q(z) is invertible on D with the possible exception of a set of isolated
points. Without loss of generality we can suppose that Q(z) is invertible



154 HEINZ LANGER AND ANNEMARIE LUGER

at the point zp from Section 2. Using Lemma 3.1 we can easily prove the
following theorem.

THEOREM 3.2. Suppose that the function Q(z) admits the representation
(2.1),
* —\7+ 1 -
Q(z) =Qp + (20 —z)T (I — WU) T,
with a unitary operator U in a Krein space K, and that the matriz Qg is
invertible. Then the inverse function @(z) admits the representation

. . 1 -\t
Q(2) =—-Qy* + (20 — )" (I_WU> T,

with T = rQ,' € £(C",K) and the unitary operator U:=U- (20 —
Z_O)I‘Qall"+U in KC. If the representation of Q(z) is minimal, then the repre-
sentation of Q(z) is also minimal.

ProoF. Lemma 3.1 implies

1
@(z) =—Qy" + (20 —%0)Qy ‘T (I — U+ (20 — z_o)FQg*I‘*) rQy™.

1
A2)
The operator B := I + (29 — z0)I'Qy "T'" is boundedly invertible, in fact,
taking into account relation (2.3) we easily get

(32) B l'=(T+(20-2)TQy T =1 (2—%3)Qy'T"

and hence
A — —x —\ ) —* 1 - — —x
Q(z) ' = _Qo + (ZO - ZO)QO rt <I— XB 1U> B 1FQO .
Further, (2.3) also implies B~'T'Q,* = 'Qy " and, finally,

(3.3) U:= I+ (20 —20)LQy*TH)'U = U — (20 — 2)TQ; 'TTU.

The relation (3.2) shows that B and hence also U are unitary. In order to show
the minimality of the representation, for every ¢ > 0, z € C" and X € p(U)
we have to find y € C" and 5 € p(U) with

(3.4) | (U =Xz — (U —n) Ty ||<e.
With the particular choice y := Qoz — (20 — Zo)[TU(U — \) ~!T'z it is easy to
see that n € p(U) can be chosen such that the inequality (3.4) holds. O

According to relation (3.3), the unitary operator U in the representation
of Q(z) is an n—dimensional perturbation of U. The analogous result for a
function Q(z) with a representation (2.5) is the following theorem.
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THEOREM 3.3. Suppose that the function Q(z) admits a representation
2.5),
. Q(2) = Q5 + (2 = %)l (A - 20)(A — 2)7'T,
with a self-adjoint operator A in the Krein space K. If the matriz Qo is in-
vertible and
(3.5) ker (I —TQy'TH(A-7)) = {0},
then the inverse function @(z) admits the representation

Q) =-Qy" + e~z (A~ 20)(A - 2)'T,

where T = I‘Qo_l and for the self-adjoint operator A it holds
(3.6) (A—z) ' = (A—2) ' = -TQ;'TT(A—m)(A—2) ",

The relation (3.6) implies that the difference of the resolvents of A and A
is an n—dimensional operator. The condition (3.5) is needed in order to assure
that the inverse function admits a representation with a self-adjoint operator,
that is that 1 ¢ orp(ﬁ ) for the operator U which exists according to Theorem
3.2. The next theorem is the corresponding result for a function Q(z) with a
representation (2.7).

THEOREM 3.4. Suppose that the function Q(z) admits a representation

(2.7),
Q(z) =S +Tg (A ~2)"'To,
with a self-adjoint operator A in the Krein space K. If the matrix S is invert-
ible, then the inverse function Q(z) admits the representation
Q(z) = -8+ T (A—-2)"'T

with fo :=T05"" and the self-adjoint operator A=A+ LoS—ITg.

In the situation of Theorem 3.4 the difference A — A is an n-dimensional
operator. The proof of Theorem 3.3 is similar to the proof of Theorem 3.2,

Theorem 3.4 follows immediately from Lemma 3.1. Both proofs are left to
the reader.

4. A MATRIX FUNCTION AND ITS INVERSE

In this section we consider the matrix function
_ [ m(z2) 1
(4.1) Q(z) := ( 1 —ma(2) )
with functions m; € Ny, j =1,2. Let
+oo
(42) mJ(z) = Oéj + ﬂjz + / (

— 00

1 t
t—z 1+1¢2

>doj(t), i=12,
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be their integral representations (2.8). As was explained in the paragraph
following formula (2.8), they imply operator representations (2.1) with the
Hilbert spaces KC; := L?,j ® Cp, and operators I';, U; for j = 1,2:

(4.3) m;(z) = m;(z0) + (20 — Z0)0'; <I - ﬁw) ) T'j;

and, if the conditions
(44) 5]‘ =0, O’j(R) <oo, j=12,
are satisfied, operator representations (2.5) with operators I';jo and A;:

(45) mj(z) = Sj =+ F;FO(AJ — Z)_lrjo.

Now we introduce the Krein space K := K1[+]Ks with the inner product

[xay] = (‘Tl7yl)/cl - ((E27y2)}c2 ’

(= _(wm ek i
:v—(m),y—(yz)),wg,ygei@,] 1,2,

and the following operators T': C* — K and U € L(K):
_(T1 O (U 0
o e (Yoo (B0

Then Q(z) admits the operator representation
1 -1
(4.7 Q) = Uz0)* + (20 —20)TT ([ - —U I.
A(2)
If in the representations (4.2) the assumptions (4.4) are satisfied, then with
the operators I'y : C? - K, Ain K and the 2 x 2-matrix S:

L 1—‘10 0 L Al 0 L S1 1
as o (T 2 Yoae (B0 s (0 1)

the operator representation
(4.9) Qz) =S +TF(A-2)"'Ty.
holds.
In the following we suppose that det Q(z) =—1—mq(2)ma(z) £ 0. We are
interested in the structure of the singularities of the inverse matrix function

G(2) e Q1o L mma(z) -1
0(2) := -0(2) 1+ my(z)ma(2) < -1 ma(z) )

Evidently, this function €(z) exists and is analytic at least on the comlement
of the set suppo; U suppos with possible exception of a sequence of isolated
points which are zeros of the function 14+m;(z)ms(z) and hence poles of Q(z).

An operator representation of the function €(z) is easily obtained from
the operator representations (4.3) or (4.5) of the functions m1(z) and ma(2).



A CLASS OF 2 x 2-MATRIX FUNCTIONS 157

To this end we fix zg € C\ R such that 1 + my(20)m2(z0) # 0. Then from
Theorem 3.2 we get

-1
(410)  O(2) = D(z0)" + (0 — )T (I—/\(lz)17> i

with T := TQ(20)~! and U := U — (29 — 25)['Q(20) "'T""U, where T and U
are defined in (4.6). If the assumptions (4.4) are satisfied, it follows that also
S is invertible and hence we obtain from Theorem 3.4 the representation

~ ~ —~ 1.
(4.11) O(z) = -S4+ T (A - z) T

with fo =TS~ ! and
A:=A+ToST¢

_ ( A1 0 )+ 1 ( sol'ol'1g —T'10l'3g )
0 A 1+ 5159 Paolly  s1T20T30 )7

where A, T'g and S are given in (4.8).

(4.12)

LEMMA 4.1. The spectrum of the operator A coincides with the set of
singularities of the function Q(z).

PrOOF. Obviously, the function Q(Z) is holomorphic at every point \g €
p(A). Conversely, let (z) be holomorphic at Ag € C. Then for the inverse
function €2(z) the point A¢ cannot be a non-isolated singularity. So we know,
by construction, that A\g ¢ 0ess(A), hence A\g is not an accumulation point

of o(A). If we consider the Riesz projection of A at A and observe the
minimality of the representation of Q(z) it follows that Ao € p(A). O

Recall that for a bounded self-adjoint operator B in the Krein space
(K,[-,-]) the point A\g € RN (6.(B) Uoc,(B)) is called a spectral point
of positive type, if for each sequence (z,) C K with the properties ||z,| =
1, (B = Xo)zy| — 0 it follows that lign iOI<1>f [©n, Zn] > 0. The set of all spec-

tral points of positive type of B is denoted by o4 (B). The set o_(B) of all
spectral points of negative type of B is defined similarly. Further, the point
Ao € R belongs by definition to the set o_ (B), if there exists an interval
(a,b), such that Ao € (a, b),

(4.13) {A:a < Rex<b, 0<|SN <n} C p(B) for some n > 0,

(4.14) (@) Ao} € 0 (B) U p(B),
and for each interval [a, 8] with a < @ < Mg < 8 < b on the maximal spectral
subspace Lo, g(B) of the operator B the inner product [-, -] has only finitely

many negative squares (see [LMM], Section 5). In this case Ag is an eigenvalue
of B with a nonpositive eigenvector. The set o4 r(B) is defined analogously.
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Now we return to the operators A and A from (4.8) and (4.12), which
correspond to the functions Q(z) and Q(z) according to (4.9) and (4.11),
respectively. We assume in the sequel, that the conditions (4.4) are satisfied.

LEMMA 4.2. For the operator A the relations o(A) = supp o1 Usupp oa,
(4.15) 04+ (A) =suppoy \ suppos, o_(A)=suppos \ suppo;

and Tess(A) = Oess (A1) U 0ess(Aa) hold; oess(A1) is the set of non-isolated
points of supp o1, Tess(Az) is the set of non-isolated points of suppoa. Fur-
ther, A € o_ ;(A) if and only if X is an isolated point of supp o2, A € o4 s(A)
if and only if \ is an isolated point of suppoy.

PROOF. The first and the last claims are clear, only the relations in (4.15)
need to be proved. We prove the first one, the proof of the second one is
analogous. Consider Ag €supp oy \ suppoz. Then Ag€0(A41)\o(Az). If (™)
is a sequence of elements of K such that ||z"||* = 1 and (A — X\g)z™ — 0 if
n — oo, then (Ay — Ag)z§ — 0 and, since Ao € p(As2), 5 — 0. It follows
that lim [z™,2"] = lim ||27]|> = 1 and hence \g € o4 (A). Conversely, if
Ao € supp o3, then there exists a sequence (z5) € ICg such that ||z5] = 1 and
(A — Xg)z% — 0. Then (A — X\o)(0 2%)" — 0 and lim [25,2%] = —1, hence
)\0 ¢ o4 (A) |

Since the difference A — A is finite-dimensional, the results of Section 5
of [LMM] yield the following theorem.

THEOREM 4.3. Suppose that the assumptions (4.4) are satisfied. Then
the following inclusions hold:

-~

R\ 0ess(A2) € oy (A)Uo— s(A)Up(A),

-~

R\ 0ess(A1) C o_(A) Uay f(A)Up(A),

in particular

-~ -~ -~

(AU A NR) € op(A)Uo;(A)Up(A),

-~ -~ -~

o (AU (A)NR) € o (A)Uoy (A)Up(A).

The non-real spectrum of A can accumulate only at points of oess(A1) N
Uess(A2)-

If a point Ao belongs to o+(A) or to o+ f(A), the singularities of the
function (z) can be described more precisely. We formulate this result for

-~ -~

points of 04 (A) and of o_ ;(A).

THEOREM 4.4. Suppose that the assumptions (4.4) are satisfied. If

-~

A € 04(A), then there exist an open interval A around X\o and functions
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Qa(z) and Qa(2), such that Qa(z) belongs to the Nevanlinna class Ny and
is holomorphic outside of the closure of A, Qa:(z) is holomorphic in A and

(4.16) Q(z) = Qalz) + Qar(2).

If)\ €o_ f(A) then there exist an open interval A around Ao and functions
Qa(z) and Qa/(2), such that Qa(z) belongs to a generalized Nevanlinna class

N2%2 for some k > 0 and is holomorphic outside of the closure of A, Qar (2)
is holomorphic in A and the relation (4.16) holds.

ProOF. If A\ € a+(2), there exists an open interval A with \g € A,
A Cop(A)Up(A) and

AeC: RAeA, 0<|S\|<n} C p(A) for some 5 > 0.

The corresponding maximal spectral subspace (La(A),[-,-]) is a Hilbert
space. Therefore in the Krein space K there exists an orthogonal projec-
tion P onto £a(A), and with the representation (4.11) the function Q(z)
can be decomposed as

~

Q) = 5+ (Palo) (A~ z)* (Palo)
(I Pa) fo) ( z) ((I—PA)fo).
Since LA(/Al) is a Hilbert space, ( ) is contained in the closure
0

of A and J(A|(I—PA)IC) NA =

Ao €o_, f(g) the proof is analogous, we have only to observe that now the

, the decomposition (4.16) follows. If
subspace (EA (A),[-, ]) is a m,-space. O
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