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ABSTRACT. We consider a non local boundary value problem for el-
liptic operator on a two dimensional domain with a small hole around
origin. The precise asymptotics in terms of diameter of the hole of values
of solution on boundary of the hole is described by appropriate values of
the Green function associated with the origin. In case of elliptical hole
it is proved that solutions converge uniformly toward the Green function
associated with the origin as diameter of the ellipse tends to zero.

1. INTRODUCTION

Let C = {z = (z1,72) € R? : |z| < 1} be the unit circle in R?. The
Green function G¢ on C (associated with the origin) of the Laplace operator
is given by the formula:

GC(QT):il .

n—.
2 x|
For small ¢ > 0 let C. = {z € R® : & < |z| < 1} be the ring around origin.
It is easy to verify that the problem
Au. =0 in C.,
ushm\:l =0,
Ue||g]=e = Uz (unknown constant),

Ooue
5 ds =1,

has a unique solution (u., U.) given by

|z|=e

1 1
(L.1) ue = Gele, and U. = —In-.
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Equalities in (1.1) do not hold in case of an elliptic operator on arbitrary
domain with a ’small’ hole around origin; parameter € > 0 describes the
diameter of a hole. First conclusion in (1.1) holds only approximately in
certain function space, see Remark 3.2, [1], [2] and [4]. Instead of second
equality in (1.1) we show that the ratio between U. and certain constants
defined by appropriate fundamental solution tends to 1 as € tends to zero,
see Theorem 5.1. The obtained result is then applied for decoupling of the
nonlocal boundary value problem (6.2) posed on two domains with small holes.

2. STATEMENT OF THE PROBLEM

Let © and B be domains in R? containing the origin. We assume that the
boundaries of Q and B are of the class C'. For ¢ > 0 we define the domain
Q. with a hole in the following way. Let (r., € > 0) be a decreasing sequence
of positive numbers such that

re —0 as e —0.

The e-hole B, we define by B, =r. B, ¢ > 0. For ¢ small enough so that B,
is compactly contained in §2 we introduce the domain with a hole

Q. =Q\ B..
By I" and I'. we denote the boundary of Q2 and By, respectively. Then
0. =TUT..

Let A(z) = (a;j(z)) be a second order matrix-valued function defined on
Q and satisfying
aiz(z) = asi(z), x€Q, and a;; €CYQ), i,j=1,2,

(2.1) A(z)y -y > kly|*> for some constant x>0, z€Q, yecR2

With the matrix A we associate the second order elliptic operator £ on 2 by
(2.2) L = —div(AV).

The formal setting of the e-problem is:

find a function u. : €. — R and a number U, such that
Lu. =0 in Q.
u.=0 on T,

(2.3) u. =U. on T,

Ou,
ds =1.
/Fa 81/5

Here % denotes the conormal derivative, i.e. g;‘z = AVu, - v, where v is
the unit outer normal on I'..

Problem (2.3) is a mathematical model of some physical problems, see
[1], [2] and [4]. A simple example is the equilibrium in the gravity field of




APPROXIMATION OF GREEN’S FUNCTION AND APPLICATION 181

an anisotropic membrane clamped at its boundary and supporting (around
origin) a thin rigid cylinder, where the cylinder is sealed to the membrane.
The boundary condition (2.3)s34 on I'z is not the classical one because the
global behaviour instead of the local one is prescribed. Note that the problem
(2.3) is an example of a linear non-local boundary value problem.

3. WEAK FORMULATION

The appropriate function space for the problem (2.3) is the space
He = {v € Hj(Q); v = const. on B.}.
‘H. is a Hilbert space with the scalar product
(u,v) = / Vu-Vudr (= / Vu-Vudr), u,v € He.
Q Q.
For v € H, we set
Ve =wv|p, (a constant).
Note that H. is isomorphic to the space
{ve HY(Q); v|r =0, v|r, = const.};
here the equalities v|r = 0 and v|p, = const. are in the sense of traces of
functions from the Sobolev space H!(€2.). We will use both definitions of the
space He. The proof of the following result is simple and it can be found in
[4]-
LEMMA 3.1. Problem (2.3) has a unique solution
(ue, Ue) € He X R,

where ue s a unique solution of the variational equation

(3.1) / AVu. -Vodx =V., ve He.,
Qe
while
(3.2) U, = / AVu. - Vu, dx.
Q.

REMARK 3.2. The right-hand side of (3.1) is in fact a functional
(3.3) Hedv— V. =9, €R.

It is obviously linear and bounded for a fixed e, but their norms are not
bounded with respect to €, see [4]. Thus the sequence (u., ¢ > 0) is not
bounded in H{(£2). On the other hand, the sequence (uc, € > 0) is bounded
in W, P(Q) for all p € [1,2) and it is converging toward the Green function
associated with the origin as ¢ tends to zero in the space Wol’p(Q), see [4].
Still this knowledge does not imply the asymptotics (5.2).
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In the sequel we will use an equivalent formulation of the problem (3.1).
Let

(3.4) fs(v):§/ AVv - -Vuder -V, veHe..
Q.

From the classical theory of calculus of variations it follows that u. € H is a
solution of (3.1) if and only if u. € H, is a minimizer of F.(v) over He, i.e.

(3.5) Fe(ue) = inf Fe(v).
From (3.2) and (3.5) it follows that
(3.6) Felue) = ~5Ue.
Our first result concerning the asymptotic behaviour of the sequence
(Ue, € > 0) is the following
THEOREM 3.3. The sequence (U., € > 0) is decreasing, i.e.
U, > U, for e1 <ea.

PROOF. Let €1 < €3. Then B, C B, because the sequence (r., € > 0)
is decreasing, hence H., C H.,. So the functional F,, is well defined on the
space Hc,; moreover, it holds

Fey(v) = Fey(v), v € He,.
This equality, (3.5) and (3.6) imply

Ue : . U.
2 = = = > = = — 1 .
9 '7:52 (U’Ez) vér'}{{fw '7:82 (U) '7:81 (U’Ez) = vér,}{{fal '7:81 (U) '7:81 (U’El) 9

O

REMARK 3.4. In fact we proved the following monotonicity. Let H; and
H, be two holes in  with boundaries of the class C'' and such that 0 € H; C
Hj. Let (u1,Ur) and (ug, Uz) be solutions of the problem (2.3) in the domains
Q\ Hy and Q\ Hg, respectively. Then U; > Us.

4. ASYMPTOTICS IN CASE OF SPECIAL HOLES

A variant of the following result is proved in [1]. The proof we give now
is valid for a domain with a hole in R™ and an elliptic operator of the form
(2.2). The result is essential for the proof of Theorem 4.2.

LEMMA 4.1. Let € > 0 be fized. If a function ¢ € C%*(Q.) N CHQ)
satisfies

(4.1)

Lo=0 1in
M:rnlgawcgp<Irllingp=m7
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then
¢ @
4.2 —dS = —dS > 0.
(4.2) / ove / ove ”
PROOF. Let us consider the auxiliary problem
Ly=0 in Q,
(4.3) v=m on I,
v=¢ on I.

The problem (4.3) has a unique solution v € C?(.) ﬂ_Cl(ﬁa), see [3]. More-
over, the function v attains its global maximum on . at every point from
T'., so the maximum principle implies

ov

$>O on I%,.

But v is a constant function on I'. and this constant is a maximal value of v
on §., so it holds on T'.:
Vo(z) = alz)v(z) with «>0.
This equality and positive definiteness (2.1) of the matrix A imply:
A(z) Vo(z) - v(z) = alz) A(z) v(z) -v(z) >0, zel..
Now it follows from (4.3)
v v
4.4 —dS=- —dS <0.
Let us consider the second auxiliary problem:
Lw=0 in £
(4.5) w=p—-—m on I,
w=0 on TI.
The function w belongs to the space C?(2.) N C*(Q.) and it attains its mim-

imal value on Q. at every point from I' (and at some points from I'.). In a
similar way as in the derivation of the inequality (4.4) we conclude that

(4.6) /%ds— / —dS<()

Because ¢ = v 4+ w, inequality (4.2) follows from (4.4) i (4.6). O
Throughout the remaining part of this section let B be the ellipse
(4.7) B={recR?*; A Y 0)z -z < 1}.

In this special case we find the precise asymptotics of the sequence (U, € > 0).
The obtained result will be applied in the next section to the analysis of
asymptotics of (Ue, € > 0) in the case of arbitrary canonical hole B.
Parametrix (fundamental solution), singular solution and the Green func-
tion, see below, are functions of two variables. In our analysis one of their
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variables will be equal to zero, so we consider them as functions of the single
variable. According to Mikhlin’s book [5], the function

1 1
= In ,
2my/detA(0) /A 1(0)z -z
is called the parametrix of the equation Lu = 0 in 2 associated with 0 € Q.

A singular solution of the equation Lu = 0 in Q associated with 0 € €2 is any
function S which satisfies, see [5],

L£LS=0 in Q)\{0},
S(x) = F(z) +¥(x), xe€Q\{0},
where the function ¢ € C2(Q\{0}) N C(Q) has the following behaviour at

x=0:

(4.10) v(a) =0 ! ).

In L
]

(4.8) F(z) reQ, z#0,

(4.9)

Green’s function G of the operator £ in the domain 2 associated with 0 €
can be defined as follows:

(4.11) G(x) =S(z) +w(z), =eQ\{0},
where w is a solution of the boundary value problem

{szO in Q,

(4.12) w=-S5 on TI.

Existence of parametrix and Green’s function is proved in [6]. Note that the
behaviour of Green’s function at 0 € 2 is described by the behaviour of the
parametrix F' at 0 € Q.

The following result is intuitively acceptable because the restriction of the
parametrix F' to I'; is a constant in the present setting and the behaviour of
the Green function G near zero is determined by F.

THEOREM 4.2. Let B be the ellipse (4.7) and let ((u.,U.), € > 0) be the
sequence of solutions of the problem (2.3). Then

(4.13) ngst —Gx) =0 as e€—0.
PROOF. Let us assume that (4.13) does not hold. Then there exists a
subsequence (g, k € N) and ¢ > 0 such that:
e —0 as k — oo,
max |Us, —G(x)] > 6 >0, keN.
z€le,
Without loss of generality we assume that

(4.14) max [U., —G(z)]>d>0 keN.

merk
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Using (4.11) and continuity of w it is easy to show that
max [Ue, — G(z)] - min [Ue, —~G(2)] =0 as k— oo,
x ek

z€le,

thus, because of (4.14), there exists m > 0 such that for k large enough it
holds:

(4.15) min [U,, — G(x)] > m > 0.

merk
For k € N we introduce the auxiliary function vy by
vp(z) = ue, () — G(z), x€Q\{0}.

For k large enough the function vy satisfies the assumptions of Lemma 4.1 in
the domain €2, , hence

(4.16) / 9 45> 0.
Fsk (91/5

On the other hand, (2.3)4 and the following simple properties

95 1S=1 and / P s—o
T

Ie, 81/5 . Vr

imply that for k large enough it holds :

(9’Uk
4.17 —dS =0.
(117) |
Inequality (4.16) and equality (4.17) are in contradiction. O

Convergence stated in (4.13) describes the sense in which the first equality
in (1.1) should be replaced in case of general elliptic operator. The following
result, which is a simple consequence of (4.8), (4.10) and (4.13), replaces the
second equality in (1.1) in case of elliptic operator.

COROLLARY 4.3. Let B be the ellipse (4.7) and let ((ue,Uc), € > 0) be
the sequence of solutions of the problem (2.3). Then there exists a constant
C > 0 such that

U. C
1< —.
L In = “Ind

(4.18) S C—
274/ det A(0) Te e

Theorem 4.2 and the maximum principle have another simple conse-
quence; analogous result has been proved in [1] in case of the Laplace op-
erator.

COROLLARY 4.4.
u— G as €—0

uniformly on compact sets from Q\ {0}.
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5. ASYMPTOTICS IN CASE OF GENERAL HOLE

In this section the canonical hole B is again an arbitrary domain in R?
with the boundary of the class C'* such that 0 € B. Although the statements
of Theorem 4.2 and Corollaries 4.3 and 4.4 do not hold, we will find the
precise asymptotics of the sequence (U, € > 0). This asymptotics is limited
to the two-dimensional domains with a hole and it is improvement of the
corresponding result from [4]. Our proof is based on the monotonicity result
from Remark 3.4 and on asymptotics (4.18) for ellipses.

Let R > 0 (R > 0) be such that the ellipse

E.={r € R?; Ail(())z-x<}_%2} (B ={zxeR?; A7Y(0)x -z < R*})

is the circumscribed (inscribed) ellipse to B. The ellipses E¢ = r. E, and
E? =r. E; are then circumscribed and inscibed, respectively, to B, i.e.
(5.1) E; CB.CE;, ¢>0.

Let ((@e,U:), e > 0) and ((u.,U,), € > 0) be the solution of the following
problem, respectively:

Lu.=0 in Q\E,, Lu.=0 in Q\E,,
. =0 on T, u, =0 on T,
U, =U. on OEE, u. =U, on OEf,
i 0
/ Tle 16— 1, e 45 =1,
E: v OE* v

The above problems are the same as the problem (2.3), but posed on different
domains; recall that U, and U, are numbers.

THEOREM 5.1.

U,
(5.2) — = 1 as £—0.

274/ det A(0) In Te
PRrROOF. Remark 3.4 and (5.1) imply:
U.<U.<U, e>0.

For € > 0 small enough is r. < 1, thus
U. U U.
(5.3) — < —— < = , e>0.

274/ detA(0) In Te 274/ detA(0) In Te 274/ det A(0) In re

Let us analyse the asymptotic behaviour of the first member in the in-
equality (5.3). From the obvious equality
U. U. InR
1 T 1 — (1

274/ det A(0) In re 274/ detA(0) In re R

)

Inr,
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we conclude that the first member in the inequality (5.3) converges to 1 as €
tends to zero because of (4.18).

In a similar way it can be shown that the third member in the inequality
(5.3) converges to 1 as € tends to zero, so (5.2) follows from (5.3). O

6. NONLOCAL PROBLEM ON TWO DOMAINS WITH HOLES

First we define the problem considered. Let §2; and B; be domains in R?
with boundaries of the class C' and such that 4* € Q; and 0 € B;, i = 1, 2.
The sets y* + B; are the canonical holes around y?, i = 1,2. As before, let
(re, € > 0) be a decreasing sequence which converges to zero as € tends to
zero. The e-hole in Q; around the point 3 € €);, i = 1,2, we define by

B =r.(y'+By), i=12.
Let us introduce the notations:
QO =W\B,, ;=00 TIi=0B, i=12.

Let Ag(z) = (agf) (x)) be a second order matrix-valued function defined on
Qp, k= 1,2, satisfying
agg)(ac) = ag;)(:v), r € Q, and agf) € C (), i,5,k=1,2,

6.1 =
OO A® @)y -y > kelyl?, v € T, y e B2 b=1,2,

where kj is a positive constant. With the matrix A; we associate the elliptic
operator £; on §2; by
Ei = —diU(Ai V), 1= 1, 2.

Throughout this section let € > 0 be small enough. For such € we consider
the following problem:
find functions u$ : Q5 — R (i = 1,2) and a number U¢ such that
Lius=0 in Qf i=1,2,
u; =0 on Iy, i=1,2,
(6.2) u; =U° on I%, i=1,2,

Z/SVUL ds = 1.

For example, problem (6.2) is the mathematical model of oil exploitation
process from layered oil fields by a single well; for more details we refer to [1].

The appropriate function space H¢ for the problem (6.2) is a product of
spaces which are similar to the space H. introduced in Section 2:

HS ={ve Hj(); v|p: =const.}, i=1,2,

H® = {(v1,v2) € H X H3; vi|p; = vaBs }-
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Function spaces H$ are Hilbert spaces with the scalar products
(u,v); :/ Vu-Vodr ( :/ Vu-Vodr ), w,veH;, i=1,2.
Qs Q;
The space H® is a Hilbert space with the natural scalar product. Note that
the space H; is isomorphic to the space
{ve HY(QS); vlpe = const., vlr, =0}, i=1,2.
For a function v; from H; we introduce the notation
Vi =vilg: (=wilre ), i=1,2
If (v1,v2) € HF, then by definition VF = V5, thus for (v1,ve) € H® we set
Ve =wilrs (= vilps) = v2|rs (= v2|Bs).
LEMMA 6.1. The problem (6.2) has a unique solution
((uf,u3),U®) € H® x R,

where (u5,us) € H® is a unique solution of the variational equation
2

(6.3) Z/ A;Vui -V de =V, (v1,v2) € Hf,
i=1 7%

while U¢ is given by the formula

2
(6.4) Us=>Y_ / A; VUt - Vs da.
i=1 7%
PRrROOF. In a similar way as in the proof of Lemma 3.1 we obtain from
(6.2):

6 €
(6.5) / AiVuf-Vvidz:Vf/ Yo 4s, veH:, i=1,2.
Qs re Ove,

Taking the test-functions v and vy such that v = (v1,v2) € H® and summing
the two equations from (6.5) we obtain (6.3) because of (6.2)4. The existence
and uniqueness of solution (u§,u5) € HF of the problem (6.3) follows from
(6.1), continuity of linear functional of the form (3.3) (for e fixed) and the
Lax-Milgram lemma. Equality (6.4) is a simple consequence of (6.3). O

In the remaining part of this section we decouple the system (6.3) and
prove the convergence of the sequence (u$, € > 0) toward the multiple of the
corresponding Green function as € tends to zero, i = 1, 2.
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For i € {1,2} we consider the following problem:
find (5, ®5) € H5 x R such that

L50:=0 in QF,
;=0 on I},
(6.6) g =® on I,

s
—dS =1.

According to Lemma 3.1, problem (6.6) has a unique solution (5, ®5) €
HE xR, i =1,2. It is easy to verify that the solution (uf,u5) € HF of the
problem (6.3) satisfies:

5
(1)2 5

e 1 ac F1 o 3
D5 + o5 T

6.7 ¢ = — 5.
(6.7) Uy ¢§+¢§<P2

us =

Let G; be the Green function of the operator £; on €); corresponding to the
point y* € Q;, i = 1,2 . Then the following convergence holds, see [4]:

(6.8) Vpe(l,2), ¢ =G in WyP(Q) as €—0, i=1,2

Convergences stated in (5.2) and (6.8) and equalities (6.7) have as a con-
sequence the following decoupling result.

THEOREM 6.2. Let

detA;(yl) detAs(y?)
= , Ca= :
' VdetAi(yh) + \/detAs(y?) ? VdetAi(y) + \/detAs(y?)
Then

Vpe(l,2), ui—cGi in WyP(Q) as —0, i=1,2.
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