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Abstract. Criteria for global asymptotic stability of a null solution of a nonlinear differ-
ential equation of fifth order with delay

O (1) + Pl —r), 2 (t —r),a" (t —r), 2" (¢ =), 2Dt — )2 (1)
+f(@"(t =), 2" (t =) + azx” (t) + auz’(t) + asz(t) =0

are obtained by using Lyapunov’s second method. By defining a Lyapunov functional,

sufficient conditions are established, which guarantee the null solution of this equation is

globally asymptotically stable. Our result consists of a new theorem on the subject.
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1. Introduction

This paper is concerned with the problem of the stability of the null solution of the
nonlinear differential equation of fifth order with constant delay

9:(5)(t) +(x(t—r),a'(t—r),2"{t—r), 2" ({t—r), z® (t— r))x(4)(t) (1)
+f(@"(t—7r), 2"t —7)) + azz”(t) + sz’ (t) + azz(t) =0

or its equivalent system

2'(t) = y(t)
y'(t) = 2(t)
2'(t) = w(t)
w'(t) = u(t)
u'(t) = =gp(a(t —r),y(t —r), 2(t = r),w(t =), ult —r))u(t) (2)

—f(z(t),w(t)) — asz(t) — asy(t) — asx(t)

+/fz(z(s),w(s))w(s)ds+/fw(z(s),w(s))u(s)ds,
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where ¢ and f are continuous functions for the arguments displayed explicitly in
Eq. (1); r is a positive constant, that is, r is fixed constant delay; as, a4 and
a5 are some positive constants. It is assumed that f(z,0) = 0 and the derivatives
fa(z,w) = %f(z,w) and fy,(z,w) = %f(z,w) exist and are continuous for all z,
w. All solutions considered are also assumed to be real valued.

To the best of our knowledge from literature, in the last three decades, much at-
tention has been paid to investigation of stability of solutions of nonlinear differential
equations of fifth order without delay:

2OV () + Ajx @D (t) + Aga™ (t) + Asz” (t) + Aga! (t) + Asz(t) = 0,

in which x € R, t € [0,00), A1, A2, A3, A4 and A5 are not necessarily constants.
For a comprehensive treatment of the subject we refer the reader to the papers
of Abou-El Ela and Sadek [1], Burganskaja [5], Chukwu [7], Sinha [17], Tejumola
and Afuwape [18], Tung [19], Yu [21] and the references thereof for some works
performed on the topic, which include some nonlinear differential equations of fifth
order without delay. Throughout all aforementioned papers, Lyapunov’s second (or
direct) method [14] has been used as a basic tool to prove the problems established in
these papers. Meanwhile, for some recent works, it is worth mentioning that in 2007
Adesina and Ukpera [2] investigated the convergence of solutions for the following
nonlinear differential equation of fifth order without delay

) 4 az® 4 b + f(a") + g(a') + h(x) = plt,x, 2 ", 2" 2 D),

by using Lyapunov’s second method, where a, b are positive constants, the functions
f, g, h and p are real valued and continuous in their respective arguments. The
authors presented some sufficient conditions for all solutions of the above equation
to be convergence. Namely, two solutions convergent to each other if their difference
and those of their derivatives up to order four approach zero as time approaches
infinity. In this work, the authors showed that the nonlinear functions involved in
the above equation are not necessarily differentiable, but satisfy certain increment
ratios that lie in the closed sub-interval of the Routh-Hurwitz interval. Later, in
2008, Adesina and Ukpera [3] discussed boundedness, global exponential stability
and periodicity of solutions of a class of nonlinear differential equations of fifth
order with constant delay. Finally, in 2009, Adesina and Ukpera [4] also established
some sufficient conditions in order for all solutions of a certain nonlinear differential
equation of fifth order without delay to converge to a limiting regime under some
boundedness restrictions and proved that this limiting regime is periodic or almost
periodic. It should be noted that our equation, Eq. (1) and the assumptions that
will be established here are different from those in the papers of Adesian and Ukpera
[2-4].

To the best of our knowledge, so far, nonlinear delay differential Eq. (1) has not
been the subject of investigation for stability of solutions. Our motivation comes
from the papers mentioned above, which were carried out on the nonlinear differential
equations of fifth order without delay and with delay. Throughout this paper, we
also use Lyapunov’s second (or direct) method [14] to investigate the stability of the
null solution of delay differential Eq. (1) by defining a Lyapunov functional.
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2. Preliminaries

In order to reach the main result of this paper, we will give some important basic
information for the general autonomous delay differential system (see also El’sgol’ts
8], El’sgol’ts and Norkin [9], Hale [11], Kolmanovskii and Myshkis [12], Krasovskii
[13], Razumikhin ([15, 16]) and Yoshizawa [20]).

We consider a general autonomous delay differential system

SC/:f(If,), It(o):x(t+9)v 7T§0§07 tZO, (3)

where f : Cyp — R” is a continuous mapping, f(0) = 0, and we suppose that f
takes closed bounded sets into bounded sets of ™. Here (C, ||.]|) is the Banach
space of continuous function ¢ : [—r, 0] — R™ with supremum norm, r > 0; Cy is
the open H-ball in C; Cy := {¢ € (C'[-r,0], R™):|¢|| < H}. Standard existence
theory, see Burton [6], shows that if ¢ € Cy and ¢ > 0, then there is at least one
continuous solution z(t, o, ¢) such that on [tg, to + «) satisfying Eq. (3) for ¢ > ¢,
x¢(t,®) = ¢ and « is a positive constant. If there is a closed subset B C Cy such
that the solution remains in B, then o = co. Further, the symbol |. | will denote the
norm in R with |z| = max;<;<n |z

Definition 1 (see [6]). Let f(0) = 0. The zero solution of Eq. (3) is:

(i) stable if for eacht; > to and e > 0 there exists 0 > 0 such that [ ||¢]] < 0, t > t4]
imply that |x(t,t1, )| < €.

(i) asymptotically stable if it is stable and if for each t; > to there is an n such
that ||¢|| < n implies that x(t,tg, ) — 0 as t — oc.

Definition 2 (see [6]). A continuous positive definite function W : R™ — [0, c0) is
called a wedge.

Definition 3 (see [6]). A continuous function W : [0, oco) — [0, oco) with W(0) =0,
W(s) > 0if s >0, and W strictly increasing is a wedge. (We denote wedges by W
or Wy, where i is an integer).

Definition 4 (see [6]). Let D be an open set in R™ with 0 € D. A function V :
D — [0,00) is called

(i) positive definite if V(0) = 0 and if there is a wedge Wy with V(x) > Wi (|z|),
(i) decresent if there is a wedge Wy with V(z) < Wa(|z]).

Definition 5 (see [17]). If V is a continuous scalar function in Cp, we define the
derivative of V' along the solutions of Eq. (3) by the following relation

7(6) — limsup ¥ 28(0) = V()

h—0t h

(4)

Proposition 1 (see [10]). Suppose f(0) = 0. Let V be a continuous functional
defined on Cy = C with V(0) = 0, and let u(s) be a function, non-negative and
continuous for 0 < s < 00, u(s) — 0o as u — 0o such that for all p € C
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(i) u(|p(0)]) < V(9), V() >0,
(i) V(¢) <0 for ¢ # 0.

Then all solutions of Eq. (3) approach zero as t — oo and the origin is globally
asymptotically stable.

~ Note that Cy = C when H = oo; and that the set R of ¢ in C' for which
Vi3)(¢) = 0 has the largest invariant set M = {0} by the condition V(¢) < 0 for
¢ # 0.

3. Main result

Our main result is the following theorem.

Theorem 1. In addition to basic assumptions imposed on the functions ¥ and f
appeared in Eq. (1), we assume that there are positive constants oy, ag, as, a4, as,
€, €0, 0, A, p, M and L such that the following conditions hold for every x, y, z, w
and u :

(i)
oy > 07011012 — Q3 > 0, (011012 — 013)043 — (0&10&4 — 0&5)0&1 > 0,
8o = (azas — agag)(arag — az) — (ay — as)? > 0,05 > 0,

(azay — asas)(a1as — as)

Ay = — (14 — ) > 2ea,
Q10y — Q5
30y — g0y 10y — Q5 e
Ny = — ——>0.
a1y — Qs Qg — Q3 (€51

(i1)
2e0 < YPlax(t—r),y(t —r),z(t —r),wt —r),ult —r)) —a;

) {80(2(&1(14 —a5)? € 6(14}
mi — — .
2 Y2
daj(arag — asz)?’ 4ad’ 462

IN

(iii)

f(Z7w) 2042, w#o
w
and
f(z,w) 2 . [2an(arag — a5)? 2as
A Rl <
( w a2) = dad (g —ag)? 462 |7

|f2(z,w)| < M and |fu(z,w)| < L.

A

Then, the trivial null solution of Eq. (1) is globally asymptotically stable provided
that

. 0y eas(aroy — ) € €0
r < min .

L+ M) ag(L+ M)(ayas — asz)’ 201(L+ M) +4p” L+ M + 2
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Proof. We define the Lyapunov functional V' = V (x4, y4, 2¢, we, uz) as:

204 (a1 — a3)

2V = w20 uw+ uz+26uy+2 / f(z,6)d¢
0

oy — as
a2 - a(amaz —a3)] o v 2 s+ aag(maz —as)
! 104 — Oy 104 — Oy

asay(oas — ag)

+201 Swy 420wy 420w+ gz + [ — oy — 0415} 22

104 — Q5

2 J—
+20agyz+20n auzy—2052y+20m o522 + Myz

()

Q104 — Qs
2 —
+(0az — aras)y*+ asas(0y ag)y$+50459€2
Q104 — Q5
0t 0t
+2p / / w?(0)dOds+2) / / u?(0)dbds,
—r t+s —r t+s

where s is a real variable such that the integrals

0

t
/ / w?(0)dOds
—r t+s

0 t

/ / u?(0)dods

—r t+s

and

are non-negative, p and A are some positive constants which will be determined later
in the proof and § is a positive constant defined by
as(ajag — az)

0i=——""T""+c¢. (6)

10y — Q5

It is clear that V(0,0,0,0,0) = 0. Since f(z,0) = 0 and L&) > a, (w # 0), we

have 2 [ f(z,£)d¢ = 2 [ @&ig > 2 [, a2€dé = aow?. Hence, the Lyapunov
functional V' = V' (x4, ys, 2¢, we, uy) defined by (5) can be recast as:

2 2
ag(aian — a 46, «
2V > [u+o¢1w+4(123)z+5y} +% <z+5y)
Q104 — Qs (041044 - 045)

(041044 — 045) |:Oé5(041042 — Oé3)x (X4(041042 — 043)
(041042 - 043) 10y — Q5 (041044 - 045)

+As (w+ oqz)2 —|—aiw2—|—2s
1

0 t 0 t 2
+2p / / w?(0)dfds+2) / / u?(0)dods+» Vi,

—r t+s —r t+s i=1

<a3a4 - a2a5> e (7)

a1y — Qs
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where

2

ot (oo — «

Vi = dasa? — —5( 172 3) 2

(041044 - 045)

and
2
Qg o
Vo = |das — aqas — 5—02 — 62| 2
as(arag — as)
By noting (6), it is clear that
Vi = sa5x2

and

a0

Vo> — 000 2
40(4(0[10[4 - 015)
provided that
a0 205(avjog — @
500 Zs[s+ s(ajon 3)@3],
4044(0(10(4 — 045) Q104 — Q5

which we now assume.
Summing up the equality and inequality obtained for V; and V5 into (7), we have

2 2
- )
o > {Halwwmaaaa)z%y] L b (Z+%y>
a0y — Qs (1 — a5) oy

a550 e 2
As (W~ ayz cagri 4+ ——2 —w
FAz(w+a ) TeasT 4044 041044 - Oés)y * (8)

2 (0‘30‘4 am) yz+2p / / 0)dfds+2) / / 9)dods.
Q104 — Qg

—r t+s —r t+s

Clearly, it follows from the first six terms included in (8) that there exist sufficiently
small positive constants D;, (1 =1, 2, 3, 4, 5), such that

2V > D1.132 + D2y2 + D322 + D4w2 + D5’U,2 + 2¢ <

0 ¢ 0 ¢
+2p/ /w2(9)d9ds+2/\/ /uQ(G)des.

—r t+s —r t+s

Q30 — Qs
a1y — Qs

Now, we consider the terms

Dy 4

V3 =1 —=y~ +2¢ (

2

o0y — a2a5> D3 ,
2

Yyzt—-27,
10y — a5

which are contained in (9).
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Clearly, V3 represents a quadratic expression. So, it can be easily seen that V3 is
positive semi-definite if the symmetric matrix

Ds e [ @saa—azas
2 a1y —as
£ Q304 — Qa5 D3
d10g—0Q5 2

is positive semi-definite. That is, V3 > 0, provided that

2
- Dy D
€2§<a1a4 015) 23:D6, Dg > 0.

Q304 — 205 4
By using this fact, we get from (9) that
2V > Diz? + %yg + %zz + Dyw? 4+ Dsu?

0 ¢ 0t
+2p [ [ w?(0)dOds + 2\ [ [ u?(0)dOds.
—r t+s -7 t+s

As a result, since the integrals

2p /0 /t w?(0)dods

—r t+s

/\/0 /tuQ(G)des

—r t+s

and

are non-negative, it is obvious that there exists a positive constant D7 which satisfies
the inequality

Dr(a®(t) + y?(8) + 22(t) + w?(t) + u? (1)) < V (@4, s, 20, we, ), (10)
where D; = %min {Dl, %, %, D4,D5} .
Now, by a direct calculation from (5) and (2) one finds
d
%V(ﬂ%yt, 2, We, ut) == [¢($(t - T)vy(t - ’I"), Z(t - r),w(t - r)?“(t - T)) - 041] U2

o f2w) _ {a3 L raa(enas — as) _5H w?

w 104 — Q5

3 azoy(oag — as) — {0ag + (v1ay — 045)}] 22
10y — Qp

Q0501 — Qg
_ 50{4 _ ( ) 2
Q10 — Qs

—aq[Y(x(t —7r),y(t —7r),z(t = r),w(t —r),u(t — 1))

—aq] wu
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_alaas - ag) [p(@(t —r),y(t —r),2(t —r),w(t —r),ult —r) —ai] zu

Q104 — Q5
—S[(x(t —r),ylt —r),z(t —7r),w(t —7),u(t —r)) — a1] yu
5 [f(zw)

~oy(man —as) [f(%w)

— Q| wz —
Q104 — Q5 w

- CVQ] wy

t

+u/fz )ds+a1w/fz(z(s),w(s))w(s)ds (11)

t—r

My/ﬂ%%w®W@ 4 2tz Z ), /ﬁ w(s)ds

4ﬂ/ﬁ, )%+mw/h w(s))u(s)ds

a1y — Qs

ﬂw/mw@w@W@w+%9££3@g/mmww@mww

t t

+pw?r — p / w?(s)ds + Mur — A / u?(s)ds.

t—r t—r

Making use of the assumptions (i)-(iii) and (6), we get
[zt —r),ylt —r),z(t —r),wt —7r),ult —r)) —ai] > 2eq,
[alf(z,w) B {a3 L aoa(mag —as) 5}] S,
w

10y — Q5

{043044(011042 - 0é3)

— o Q1o — > ca
o — o {6 + (@104 5)}] 2

and

044045(061042 - 013)
6044 — = E0Qy
a1y — Qs

By using the assumptions | f,(z,w)| < M and | f,(z,w)| < L of the theorem and the
inequality 2 |ab| < a® + b2, we obtain the following inequalities:

/fz w(s)ds < %ru (t )—l—% /t w?(s)ds,

t—r
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()64M(O{10[2 — 013)

%z/ﬂ(z(s)?w(s»w(s)ds < oo o) r22(1)
ay(ajas — az)M t

* 2(0&1044—045) /w2(8)d57
t—r

t—r t—r
t t
o w / Suw(2(s), w(s))u(s)ds < %rwz(t) + % /uz(s)ds,

and

054L(041062 — 043)

IN

Mz / fw(z(8),w(s))u(s)ds rz2(t)

a0y — Qs 2(anay — as)

ag(ayae — as3)L / 9
+— u“(s)ds.
2(@1@4 — 045) ( )

t—r
Replacing the last equality and the preceding inequalities into (11), we obtain

o[ () o[- (e ) .

() e fr- () ]

t
[ —a3)M 12
- p—(¥+”‘12M+“34+a4(a1a2 ) )} /wz(s)ds -
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where
1 ay(opoas — o e
Viz Sp—an) w0102 708) gy 9020
4 oy — as 4
1 €
{/5:1[1/;—041] u2+a1[¢fa1}wu+1w2,
1 eq
Vﬁzi[ip—al] u2+5[1/1—041]yu+74y2,
Vi = < w? + —a4(a1@2 — as) [f — 042} wz + %227
4 a1y — Qs w 4
Vg:§w2+6 i—ag wy—l—%y?
4 w 4

It is clear that the expressions given by Vi, Vs, Vi, V7 and Vg represent certain
specific quadratic forms, respectively. Making use of the basic information on the
positive semi-definite of a quadratic form, one can easily conclude that V;, > 0,
Vs >0, Vs >0, V7 >0 and Vg > 0 provided that

50(2(0[10[4 - 045)2 9
— < — < — — <
W-a) < 403 (onag — a3)27(w a1) < a%’(w ar) < 462’

<f )2 620&2(041014 - 015)2
= —ay] <
w

4o (aras — ag)?

and

respectively.
Thus, in view of the above discussion and inequality (12), it follows that

e[ () - () .

o[- (55

2 2 2
t
[ M oM M as(aras —as)M / 9 (13)
B P (el o d
’ ( y P Tt 2(ar04 — as) ws)ds

-r

- t
_ )\(L+Q1L+5_L+a4(0{10£2—0l3)[/>:| /uz(s)ds.

2 2 2 2(0410[4 — 045)

t—r

If we now choose the constants p and A as

2 + 2 2 2(0[1@4 70[5)

(M alM oM 044((11042 — 043)M)
p= -
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and

T+t +

L OqL oL 044(041042 — Oég)L
2 2 2 2(aioq —as5) )

then the inequality in (13) implies that

v _ {5044 B (6(L+M)> r} 2 {2 B (a4(L+M)(a1a2 —a3)> r} 2

E - 2 2 2(0&10[4 — 055)
(14)

€ ar(L+ M) 9 €0 L+ M 5

{4 ( 5 +plr|lw 5 5 + A r|us.
Hence, one can easily get from (14) that

d

%V(xtaytazt;wtaut) < —Dsy?® — Dyz* — Dygw* — Dyyu® <0
for some positive constants D;, (i =8, 9, 10, 11,) provided that

. { €0y eas(aiay — as) € o }

r < min , , ,

S(L+ M) ay(L+ M)(anag —as)’ 201 (L+ M) +4p” L+ M + 2

Finally, it follows that %V(wt,yt,zt,wt,ut) = 0 if and only if y = 2, = wy = wy
=0, 4V (¢) < 0 for ¢ # 0 and V(¢) > u(|$(0)]) > 0. Thus all the conditions of
the above Proposition are satisfied. This shows that the null solution of Eq. (1) is
globally asymptotically stable. O
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