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ABSTRACT. Let us have a split extension W of a Hilbert C*-module
V by a Hilbert C*-module Z. Like in the case of C*-algebras (well known
theorem of T. A. Loring), every morphism out of W, more precisely from
W to an arbitrary Hilbert C*-module U, can be described as a pair of mor-
phisms from V and Z, respectively, into U that satisfies certain conditions.
It turns out that besides the generalization of the Loring’s condition, an
additional condition has to be posed.

1. PRELIMINARIES

A Hilbert C*-module V' over a C*-algebra A (a Hilbert A-module) is
a generalization of a Hilbert space in the sense that the ”inner product”
(1) : VxV — A defined on it takes values in a C*-algebra A instead of
the field of complex numbers C (see [3, 6]). V is said to be full if the (closed)
ideal in A generated by elements (vq | va), v1,v2 € V is A.

When making quotients of a Hilbert C*-module by its submodule, only
the quotient of a Hilbert C*-module by its ideal submodule is again a Hilbert
C*-module. What is an ideal submodule? The ideal submodule V; of V
associated to an ideal I C Ais Vi ={vb:v eV, bell={veV:(v|z) e
I,Vx € V}. Denote by Il : V. — V|y,, m : A — A|; canonical quotient
maps. V|y, has a natural Hilbert A|;-module structure with the operation
of right multiplication and the inner product given by: I(v)w(a) = I(va),
(I(v1) | I(v2)) = 7((v1 | v2)).

A sum of submodules V1, V5 in Vis V1 + Vo = {v1+vg : v1 € V1,03 € Vol
a sum is called direct and denoted by V;+Vs if Vi NV, = {0}. Further, a sum

2000 Mathematics Subject Classification. 46C50, 46L08.
Key words and phrases. Hilbert C*-module, ideal submodule, (split) extension,
morphism.

309



310 B. KOLAREC

is orthogonal and denoted by V; @ V4 if elements of V; and Vs are mutually
?orthogonal” i.e. if (v1 | ve) =0 for all v1 € V3, vg € Va.

A definition of an extension (see [1, 2]) of a Hilbert C*-module is given
inside of the category which objects are Hilbert C*-modules and morphisms
are given as follows: for a Hilbert A-module V' and a Hilbert B-module
W amap ® : V — W is a morphism (or a ¢-morphism) of Hilbert C*-
modules if there is a morphism (a *-homomorphism) ¢ : A — B of C*-
algebras such that (®(v1) | ®(v2)) = @((v1 | v2)) for all vi,v3 € V. An
extension of a Hilbert A-module V' is a triple (W, B,®) such that: W
is a Hilbert B-module, & : V — W is a p-morphism for a morphism
¢ : A — B of C*-algebras, ¢(A) is an ideal in a C*-algebra B and ®(V)
is the ideal submodule of W associated to ¢(A) ie. (V) = Wep(A). So
we have an exact sequence of Hilbert C*-modules and morphisms of modules

0 1% 2 w —1U Z 0

and the corresponding exact sequence of underlying C*-algebras

0 A B C 0.

The latter is called split if there is a morphism ¢ : C' — B such that 7o = id.
Then a C*-algebra B actually splits i.e. B = A40(C) ([6, Proposition 3.1.3]).
This sum is orthogonal if o(C) also sits as an ideal in B.

In the case of Hilbert C*-modules an extension (W, B, ®) (or W for short)
of a Hilbert C*-module V is said to be split if there is a morphism ¥ : Z — W
(that is, a o-morphism for a morphism of C*-algebras ¢ : C' — B) such that
II¥ = i¢d. We are going to deal with full Hilbert C*-modules, because then
the underlying exact sequence of C*-algebras is split too.

Quite as it should be, a full split extension W of a full Hilbert C*-module
V really splits into the direct sum of ®(V') and X(Z) (a straightforward com-
putation imitating the C*-algebra case shows it). This sum is orthogonal if
Y(Z) is the ideal submodule of W associated to the ideal o(C) C B when
B = p(A) ® o(C) (®(V) is already the ideal submodule of W associated to
the ideal p(A) C B, assured by the fact that W is an extension of V):

(@(V)[5(2)) = (We(4) | Wo(C)) = p(A) (W | W)a(C)
= ¢(A)Bo(C) C p(A)a(C) =0.

It was T. A. Loring who described morphisms out of a split extension of
a C*-algebra by pairs of morphisms out of the ideal and the quotient algebra:
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THEOREM 1.1 ([4, 7.3.8]). Let us have a split extension (C) of a C*-
algebra A and an arbitrary C*-algebra D:

0 A B

A morphism w : B — D s in a bijective correspondence with a pair of mor-
phisms (6,¢) (6 : A — D, ¢ : C — D) such that for all a € A, ¢ € C we
have

(C) ¥(e)0(a) = 0(a(c)a).

Here we solve the problem of describing morphisms out of a full extension
of a full Hilbert C*-module by pairs of morphisms out of an ideal submodule
and a quotient module.

2. MAIN THEOREM

We want to generalize Theorem 1.1 to full Hilbert C*-modules and mor-
phisms of modules; there we have a diagram:

0 v W A

So, we have a full split extension (W, B, ®) of a full Hilbert A-module V in
which ® : V' — W is an inclusion map and an arbitrary Hilbert D-module
U. We want to establish a bijection between a morphism Q : W — U (an w-
morphism for a morphism of C*-algebras w : B — D) and a pair of morphisms
(©,7) where © : V — U is a f-morphism for a morphism of C*-algebras
0:A— Dand V:Z — U is a ¥-morphism for a morphism ¢ : C — D.
Here, the condition (C*) naturally generalizes to:

(1) (¥(2)[B(v) =0((2(2) [v)), veV, zeZ
(As V is an ideal submodule of W associated to anideal A C B, (X(z) |v) € A

forallv € V,z € Z.) It turns out that the condition (1) is not enough for
a statement similar to the one in Theorem 1.1. Namely, "under” a diagram
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(H) of Hilbert C*-modules, we have a diagram (C) of C*-algebras, but the
condition (1) does not imply the condition (C*) necessary for establishing
a bijection between a morphism w and a pair of morphisms (6,1) on this
C*-algebra level.

EXAMPLE 2.1. Let us rewrite (1) in an equivalent form (©(v) | ¥(z)) =
0((v [ %(2))). We have 0((v | £(2)))¢(c) = 0((v | X(2)) o(c)); indeed
(v)
|

O((v [ X(z)P(e) = (O(v) | ¥(2))¢(c) = (B(v) | ¥(2¢))
= 0((v]2(20)) = 0((v | £(2)) o(c))-

(
However, elements of the form (v | X(z)), v € V, z € Z do not generate a
C*-algebra A (so that we can conclude that (C*) is valid): if we take that
3(Z) is an ideal submodule of W associated to an ideal o(C) in B and that
B = A®0(C), then the sum V+X(Z) in a decomposition of W is orthogonal,
ie. {(v|X(2):veV,ze Z} ={0}.

If we have a diagram (H) of Hilbert C*-modules and morphisms of mod-
ules with V' full and underlying diagram (C) of C*-algebras and morphisms of
C*-algebras, the condition (C*) on morphisms of C*-algebras is equivalent to
the condition ©(v)y(c) = B(vo(c)),v € V, ¢ € C on morphisms of modules:
we know that every v € V' can be written as v = v'a, v’ € V, a € A (Hewit-
Cohen factorization [5, Proposition 2.31]) and therefore ©(v)y(c) = O(vo(c))
is equivalent to ©(va)y(c) = ©(vao(c)). If we suppose that (C*) is true, then
O(va)y(c) = B(vao(c)) follows immediately. On the other hand, if we have
O(v)Y(c) = O(vo(c)) and V is a full Hilbert C*-module, then

0((v]v)d(e) = (B(v) | O(v)1(c) = (O(v) | Ov)i(c))
(©(v) | ©(va(c))) = 0((v | va(c)))

= 0((v]v)o(c))
and so 0(a)y(c) = 0(ac(c)) for alla € A,c € C.

EXAMPLE 2.2. Let us describe morphisms of modules that would be useful
as counterexamples in what follows. As well as a C*-algebra A itself can be
reorganized to become a Hilbert A-module (with the inner product (a; | a2) =
ai*as; the corresponding norm is exactly a C*-norm), a morphism of C*-
algebras ¢ : A — B can be realized of as a morphism of modules over itself.
More generally, if we take v € B such that v*v = 1 € B, a morphism ¢ :
A — B given by 9¥(a) = vp(a) (obviously not a morphism of C*-algebras:
not multiplicative nor a *-map) is a morphism of Hilbert C*-modules.

Here comes an example of a full split extension of a full Hilbert C*-module
where (C*) is satisfied, but (1) is not.

ExXAMPLE 2.3. Let us take a diagram
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of C*-algebras with # : A — B an identity map. Suppose that the condition
(C*) for morphisms of C*-algebras is valid. Now understand all C*-algebras
as Hilbert C*-modules and let morphisms of modules be given: © : A — B
by ©(a) = va for v € B such that v*v =1 and ¥ = ¢ = 0, ¥ = 0. Now
O(a)y(c) = ©(ac(c)) is obviously valid but (1) (it transforms to o(c)*va =
o(c)*a) is not.

We conclude that for a case of Hilbert C*-modules besides the condition
(1) we ought to have a condition that would, on underlying C*-algebras,
ensure (C*). It is the condition
(2) U(z)0(a) = ©(2(z)a), z € Z,a€ A

Indeed, ¥(z2)a € V for all z € Z,a € A thanks to the fact that V' is an ideal
submodule of W associated to an ideal A C B. Having conditions (1) and
(2) at hand, as well as supposing that a Hilbert C*-module Z is full, we have
(C*): forall z€ Z,ac A

P((z]2)0(a) = (¥(2)|¥(2))0(a) = (‘1’ z) | ¥(2)0(a))

(
2 (@) |O(2(2)a) £ 0((3(2) | S(2)a)
= 0((Z(2) [ 2(2))a) = 0(a((2 | 2))a).
One has to take care that conditions (2) and (C*) are not equivalent to

each other: the setting of the previous example is the appropriate one to show
this. Namely, (C*) is true, but (2) is not.

THEOREM 2.4. Let V be a full Hilbert A-module, (W, B,®) a full split
extension of V in which ® : V. — W is an inclusion map, U an arbitrary
Hilbert D-module. Then a morphism Q : W — U is in a bijective correspon-
dence with a pair of morphisms (©,¥) where © : V.— U (a 8-morphism for
a morphism of C*-algebras 0 : A — D) and ¥ : Z — U (a ¥-morphism for a
morphism ¢ : C — D) are such that for allv € V,z € Z, a € A we have

(W(2) [ ©(v)) = 0((X(2) | v)),
U(2)0(a) = O(X(2)a).

PROOF. We have the decomposition of W of the form W = V+3(Z).
Suppose we have a pair of morphisms (©, V) with given properties. Our

—~
—
A
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modules are taken to be full and so the underlying extension of a C'*-algebra
A is split too. From the discussion preceding this theorem we know that given
conditions ensure the condition (C*) for morphisms of C*-algebras. Therefore
we can (by Theorem 1.1) associate a morphism w : B — D of C*-algebras to
the pair of morphisms (6,4) (it is given by w(a + o(c)) = 0(a) + ¥(c)). Let
us define a map Q@ : W — U by Q(w) = Qv+ X(2)) = O(v) + ¥(2). Qis an
w-morphism: if we take v,v' € V| 2,2’ € Z, then

Qv+ 2(2)) | Q"+ E(2))) = (B(v) + ¥(2) | O() + ¥(2))

(O() [0(") + (O(v) | ¥(2') + (¥(2) | O)) + (¥(2) | ¥(2"))
= (v [v) +0((v | 2(z")) + 6

) +0((2(2) [ V) + (= | 2))
= 0((v|v)+ (] E() + (B(2) [ V) + ¢((z] &)
= w(((v]|v)+ @] Z(E) + (E(2) [0) +o((2 ] 21))

= w((v+23(x) [ v +3(z)).

Now take an w-morphism (for a morphism of C*-algebras w : B — D)
Q: W — U. We know that w is in a bijective correspondence with a pair
(0,%) of morphisms of C*-algebras where 6 = w|a, ¥ = wo. Let us define
morphisms of modules in a similar way: © = Q|y, ¥ = QX. Obviously ©
is a f-morphism, ¥ is a ¢-morphism. The pair (0, ¥) satisfies the required
conditions: forallveV,z€ Z,a€ A

(W(2) | O(v)) = (A%(2)) | 2(v)) = w((X(2) | v)) = O((%(2) | v)),

U(z)0(a) = QX(2))w(a) = QX(z)a) = O(X(2)a).
o

The significance of this theorem comes to the sight when one assumes
that a Hilbert C*-module U is an extension of an arbitrarily taken Hilbert
C*-module. Then a morphism {2 becomes a morphism between extensions of
Hilbert C*-modules, they are in general not easy to describe.
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