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Abstract. Making use of a convolution structure, we introduce a new class of analytic
functions TL(A, o, 3,) defined in the open unit disc and investigate its various characteris-
tics. Further we obtained distortion bounds, extreme points and radii of close-to-convexity,
starlikeness and convexity for functions belonging to the class TH(A, o, §).
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1. Introduction

Let A(p) denote a class of functions of the form

flz2)=2"+ > anz", pe N={1,2,3,...}, (1)
n=p+1

which are analytic in the open disc U = {z : z € C; |z| < 1}. For functions f € A(p)
given by (1) and g € A(p) given by

g(z) =2+ > bu", peN={1,2,3,...}
n=p+1

we define the Hadamard product (or convolution) of f and g by

J)g(x) = (frg)x) =2+ Y anbuz", zeU. (2)

n=p-+1

In terms of the Hadamard product (or convolution), we choose g as a fixed
function in A(p) such that (fxg)(z) exists for any f € A(p), and for various choices
of g we get different linear operators which have been studied in the recent past.
To illustrate some of these cases which arise from the convolution structure (2), we
consider the following examples.
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. For

g2)=2"+ > igii:f:::(ar)np z

n=p+1 P

we get the Dziok—Srivastava operator

Moy, ag, - on; B, B2, -+, 853 2) f(2) = HY  f(2) = (f + 9)(2),

introduced by Dziok and Srivastava [6]; where oy, aq, - ay., 81,02, ..., Bs
are complex parameters, 5; ¢ {0,—1,—-2,---} for j = 1,2,---,s, 7 < s+
1,7,s € NU{0}. Here (a), denotes a well-known Pochhammer symbol (or
shifted factorial).

Remark 1. When a; = a,1 = ¢ s = land r = 2, Dizok-Srivastava opera-
tor reduces to Carlson-Shaffer operator [3], further when r = 1,5 = 0;; =
v+ 1l,as = 1;81 = 1, then the above Dziok-Srivastava operator yields the
Ruscheweyh derivative operator introduced by Patel and Cho [10].

. For

g9(z) = ¢pla,c,z) == 2P + Z (@)1 2" (e#0,-1,-2,--),  (4)

n=p+1 (O)n—a

we get the multivalent Carlson-Shaffer operator L,(a,c)f(z) := (f*g)(z). The
operator

L(a,c)f(2) = Li(a,0)f(z) = zF(a,1;¢; 2) * f(2)

was introduced by Carlson-Shaffer [3] where F'(a,b;c;2) is the Gaussian hy-
pergeometric function.

. Forg(z) = ﬁ (v > —p), we obtain the multivalent Ruscheweyh operator

defined by

D)= (@ =2+ S (Y e 0)

n —
n=p+1 p

The operator D*TP~! f was introduced by Patel and Cho [10]. In particular,
D'f: A— Afor p=1and v > —1 was introduced by Ruschweyh [15]. Note
that for n € Ny,

(=1 f (5 (n)
D) = I

For - .
s =2+ Y (L) (mz0), ©

we get the multivalent Salagean operator D" f(z) introduced by Shenan et al.
[14]. In particular, the differential operator D™ = D" was initially studied by
Salagean [12].
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5. For
!
Z) =P + Z ("*) 2" (1>0; meZ), (7)
n=p+1

we obtain the multiplier transformation Z,(l,m) := (f * g)(z) introduced by
Ravichandran et al. [11]. In particular, Z(I,m) = Z;(l, m) was studied by Cho
and Kim [4] and Cho and Srivastava [5].

=

W=t 3 <”“)mz" (1>0; mez), (8

we get multiplier transformation J,(I,m) := (f*g)(2). In particular J(I,m) =
J1(1,m) introduced by Cho and Srivastava [4].

Remark 2. We note that for | = 0 the above operator reduces to the multivalent
Salagean operator D} f(z) introduced by Shenan et al. [14].

Motivated by the earlier works of [6, 8, 10, 14, 11, 16] we introduced a new sub-
class of multivalent functions with negative coefficients and discuss some interesting
properties of this generalized function class.

For0<A<1,0<a<1land0< g <1, welet Pg(\ o, ) be the subclass of
A(p) consisting of functions of the form (1) and satisfying the inequality

u]]g7,\(2) -1

Tya() + (1 —2a)| =7 ©)

where

(f*g) N A(f*g)

Jpa(2) = (1= ) e (10)

(f xg)(z) is glven by (2 ) and g is fixed function for all z € U. We further let
TP ( a, ) =P,(\ a, ) NT(p), where

{feA fR)=z- > lanl2", ZGU}. (11)

n=p+1

We deem it proper to mention below some of the function classes which emerge
from the function class Tg()\,a, B3) defined above. Indeed, we observe that if we
specialize the function g(z) by means of (3) to (8), and denote the corresponding
reducible classes of functions of T#(, a, ), as listed below.

When g(2) is as defined in (3), the class TH(A, o, 3) reduces to the subclass
HT (A, o, 8) with (9) and

Hfg,r[alaﬂl]f(z) (Hf,r[alaﬁl]f(z))/
JH,)\(Z) = (1 — )\) P + A pzp—1 .

When g(z) is as defined in (4), the class TH(\, o, 3) reduces to the subclass

LT (XN a, 3) with (9) and

W Lol@.9FE) | ALyl f ()

2P pzP~1

Jea(z) = (1 -
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When g(z) is as defined in (5), the class TH(A, o, 3) reduces to the subclass
RTY (A, «, () with (9) and

JV,A(Z> —(1- )\) DV+p—1f(z) n )\(Du+p—1f(z))/

ZP pzP~1

When g(z) is as defined in (7), the class TH(\, o, 3) reduces to the subclass
IT (N, B) with (9) and

Tial) = (1= 2D |\ B l)),

When g(z) is as defined in (8),the class T? (), a, 3) reduces to the subclass J7 (A, o, 3)
with (9) and

Tl m)f(z) | (Tl m))

2P pzP—1

Jn)\(z) = (1 - )‘)

When g(z) is as defined in (6), the class ThH(A, o, 3) reduces to the subclass
ST (A a, ) with (9) and

Dm Dm,+1
me)\(z) — (1 _ )\) PZJ;(Z) A Z;jzpl(Z)-

The purpose of the present paper is to investigate the various properties and char-
acteristics of functions belonging to the above defined subclass T} (A a, B) of mul-
tivalent functions in the open unit disk U. Apart from deriving a set of coefficient
bounds for this function class, we also establish distortion bounds and several in-
clusion relationships involving the multivalent functions with negative coeflicients
belonging to this subclass.

2. Coefficient bounds

In this section we obtain coefficient estimates and extreme points for the class
TH(, o, B).

Theorem 1. Let the function f be defined by (11). Then f € TH(A,«,f) if and
only if

o0

> (4N (1 + B)an by < 2pB(1 — ) (12)
n=p+1
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Proof. Suppose f satisfies (12). Then for |z| =7 < 1,

|°]]£]7/\(Z) - 1| - ﬁ |Jg7)\(2’) + (1 - 20()| = ‘_ Z M(l + ﬂ)anbnznip
n=p+1 p
ale—a)— 30 EEM
n=p+1 p
< Z (p+ nA) anby, — Qﬂ(l - O()
n=p+1 p
+ Z M/@anbn
n=p+1
= > PV g, 280 - a)
n=p+1 p
<0, by(12).

Hence, by maximum modulus theorem and (9), f € TH(A, o, 3). To prove the con-
verse, assume that

Jga(z) =1 | _ — Xl B anba <p U
Ton()+ (1-20)| ~ (21— a) - 2,y B g e | =0 25T
Thus,
Sontper B anby 2
© {2(1 —a) =S N g g e } <0 (13)
n=p+1~ p

Choose values of z on the real axis so that J, 1(2) is real. Upon clearing the de-
nominator in (13) and letting z — 1~ through real values, we obtain the desired
inequality (12). O

Corollary 1. If f(2) of the form (11) is in Th(A, &, ), then

" 2pp(1 — )
" (p+ 0N+l

n>p+1, (14)

with the equality only for functions of the form

1&)=Lt Bl

n>p+1 (15)

Corresponding to the various subclasses which arise from the function class
TH(A, a, 8), by suitably choosing the function g(z) as mentioned in (3) to (8), we
arrive at the following corollaries giving the coeflicient bound inequalities for these
subclasses of functions.
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Corollary 2. A function f € HT (A, «, 8) if and only if

(oo}

>+ nN[1+ Blan Tn < 2pB(1 — ).

n=p+1

where

B 1 (@)n—p---(@W)n—p
r, = (n—p)! (B )n—p - Brn)n—yp "

Remark 3. For specific choices of parameters oy, 1,s,7 as stated in Remark 1,
Corollary 2 would yield the coefficient bound inequalities for the subclasses of func-
tions LT (A, o, B) and RTY(\, «, 3)).

Corollary 3. A function f € ZT (A, «, ) if and only if
o0 l m
S (p+nN)1+fn (”*) an < 20B(1 - a).
z p+l
n=p+1
Corollary 4. A function f € JT (A, o, B) if and only if

> i+ 0 (357) < 26— a)
n=p+1

Remark 4. When [ =0, Corollary 4 would give the coefficient bound inequality for
the subclass of functionsST (A, «, 3).

Theorem 2 (Extreme points). Let
fo(z) =27
and

2pB(1 — a)
(p+nA)[1+ 7]

for0<a<1,0<3<1,0<A<1 Then f(2) is in the class TH(\, «, B) if and
only if it can be expressed in the form

fn(z) =2 -

b Zna n2p+17 (17)

f(Z) = H“pzp + Z :unfn(z)7 (18)

n=p+1
where p1, > 0 and 3707 pin, = 1.

Proof. Suppose f(z) can be written as in (18). Then

_ p .- P 2pp(1 — o) "
F(2) = 2" = Y [z CEE IR

2pﬁ(1_a) n
T _Z “”(p+n/\)[1+6]bnz .
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Now,

o~ (Pt nN)[1+Blb, 2pB3(1 — a)
n=§r1 2p6(1 — ) Hn (p+n\)[1 + Blb, nzp;rl#nfl—pl<1

Thus f € TH(A, «, 3). Conversely, let us have f € TH(A, a, 3). Then by using (14),
we set

(PN B,

P = an, n>p+1
2pB(1 — a)
and pp =1 -3 00 —pt1Hn- Then we have f(z) = Z;’LOZPH tn frn(z) and hence this
completes the proof of Theorem 2. O
Corollary 5. Let
fo(z) = 2P
and
2pB(1 —
fu(z) = 2P — Pl — ) 2", n>p+1, (19)

L.(p+n\)[1+ 4]

for0<a<1,0<B<1, A>0. Then f(z) is in the class HT (A, «, ) if and only
if it can be expressed in the form

f(Z) = Mpzp + Z ,unfn(z)
n=p+1

where

and T'y, is given by (16).

Remark 5. For specific choices of parameters r,s,aq, 31 (as mentioned in the Re-
marks 1 and 2 ), Corollary 5 we can prove analogous results for the subclasses of
functions LT (X, «, 8) and RTY(\, o, 3). Further on lines similar to the above the-
orem one can easily prove the extreme points results for the classes TT (A, «, 3) and

JT()\uaaﬁ)'

3. Distortion bounds
In this section we obtain distortion bounds for the class T5(A, «, §).

Theorem 3. If f € TH(A, a, B), then

- 2pB3(1 — a) il v 2pB(1 — ) pt1
T A NI+ Aoy <@l <+ 0+ oA+ N[+ Bloper

(20)
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holds if the sequence {o,} is non-increasing for n > p and

2p(p+1)B(1 — o)
(p+pA+ N1+ Blbps1

(P +pA+ N1+ Blbpt1
(21)

prv ! - <) <ttt

holds if the sequence {o,, /n} is non-increasing for n > p, where o, = (p+nA\)by, (n >
p)-
The bounds in (20) and (21) are sharp, since the equalities are attained by the

function 231 )
_ . _ POl — 1 _
I = = o s I (22)

Proof. In view of Theorem 1, we have

o0

2pB(1 — )
,2,;1 an = (p+pr+ N1+ Blbya (23)

Using (11) and (23), we obtain

oo oo
2P =12 Y an S UFE) S PP Y an

<
n=p+1 n=p+1
2pB(1 — ) 2pB(1 — )
7P — pPT1 < |f(z)] < rP4oPTt .
TR ey 0+ A+ N+ Aoy
(24)
Hence (20) follows from (24).
Further, since
i 2 1B —
Z na, < p(p+1)B(1 — ) .
W (p+pA+ A1+ Blbpsa
Hence (21) follows from
prP T =+ P Y an < (2)] < prPT (P D an.
n=p+1 n=p+1
O
Corollary 6. If f € HT (A, a, 3), then
2pB(1 — a) 2pB(1 — )
rP — P <|f(2)| <rP+ A
Gt NI+ AL < ) 0+ oA+ ML+ ALy
(25)

holds if the sequence {oy} is non-increasing for n > p and

2p(p +1)B(1 — )
(p+pA+ N1+ BT p

(P +pA+ N[+ BT
(26)

prit - VOIS G
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holds if the sequence {o,/n} is non-increasing for n > p, where o, = (p + nA)'y,
(n > p).
The bounds in (25) and (26) are sharp for

_ . _ 2pB(1 — ) P
fe) == (p+pA+ N[+ BTp1 o 27)

where I', 41 is given by (16).

Remark 6. For specific choices of parameters r, s, a1, 81 (as mentioned in Remarks
1 and 2 ), Corollary 6 we can deduce analogous results for the subclasses of functions
LT (N o, ) and RTY(\, o, 3). Further on lines similar to the distortion theorem one
can easily prove the distortion bounds for functions in the classes ITT (A, «, 3) and

JIT (N, ).
Corollary 7. If f € ST (A, «, 3), then

p pB(l - a) p+1 P pB(l —a) p+1
e Y WS T <@l <r 2" 1(p+pr+ N1+ 8]
(28)

pp+16(1 — @)

-1 _ ! plp+1)B(1 - o)
pr 2m=1(p 4+ pA + N)[1 + f] AR 2m=1(p+ pA+ A)[1 + 0] "
(29)
The bounds in (28) and (29) are sharp for
f(Z) — Zp _ 2m71 pﬁ(l - Oé) p+1. (30)

(p+pA+A)[1+0]

4. Radius of starlikeness and convexity

The radii of close-to-convexity, starlikeness and convexity for the class ']I‘g()\, a, )
are given in this section.

Theorem 4. Let the function f(z) defined by (11) belong to the class TH(X, a, 3).
Then f(z) p—valently is close-to-convez of order § (0 <0 < p) in the disc |z| < 71,
where

1
o [=8)@+nN)[1+6] b7
= f 1
T S { 2pnfB(1 — «) (31)
Proof. Given f € T and f is close-to-convex of order d, we have
f'(z)
1P| <P— J. (32)

For the left-hand side of (32) we have

f(z > _
O < 3 mandel.
n=p+1
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The last expression is less than p — § if

oo

n
—a,|z|"P < 1.
Z p_(ga 2]

n=p+1

Using the fact, that f € T?(), a, 3) if and only if

i (p+ nA\)[1 + Blanby

<1
n=p+1 2pﬁ(1 - Oé)
We can say (32) is true if
n o nep o @[+ Blbn
— 2P <
-4 2pB(1 — a)

Or, equivalently,
s _ [@= O+ + 8,
2pnf3(1 — o)

which completes the proof. O

Theorem 5. Let f € TH(A, a, 3). Then

1. f is p—valently starlike of order §(0 < § < p) in the disc |z| < ro; that is,

Re {ZJ{ES)} >0, (|z] <re; 0<d<p), where

ry = inf {(p_5>(P+nA)[1+ﬁ] bn}i
2 n>p+1 2pB(1 — a)(k+p —9) .

2. f is p —valently convexr of order 6 (0 < § < p) in the disc |z| < r3, that is

Re {1 + Z;:;S)} >4, (|z| < r3;0 <4 < p), where

= inf {(p5)(P+n>\)[1+5] bn}i.

BT 2081 —a)(n—9)

Each of these results are sharp for the extremal function f(z) given by (17).

Proof. Given f € T and f is p—valently starlike of order 9, we have

zf'(2) '
—p|<p-—6. 33
fe) P (33)
For the left-hand side of (33) we have
zf'(2) _ ’ < Zzozpﬂ(”_p)an |2|™

f(2)

1- Z;.Lo:p+1 an |Z|n '
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The last expression is less than p — § if
oo

n—a0
— "< 1.
Z p—da” |2]" <

n=p+1

Using the fact, that f € TH(A, a, ) if and only if

i (p+ nA\)[1 + Blanby,

2pB(1 — ) <t

n=p+1
We can say (33) is true if

n—==56 .  (@+n\)[l+0] b
p—é‘z| < 2pp(1 — )

Or, equivalently,
(p—8)(p+nN[1+ 5] by
2pp(1 — a)(n —9)
which yields the starlikeness of the family.
(ii) Using the fact that f is convex if and only if zf’ is starlike, we can
prove (2), on lines similar the proof of (1). O

l2|" <

Concluding remarks: Corresponding to the various subclasses which arise from
the function class T} (A, o, ), by suitably choosing the function g(2) as mentioned in
(3) to (8), and for specific choices of parameters a1, 81, r, s we can deduce analogous
results for the subclasses of functions introduced in this paper. Furthermore, by
suitably choosing the values of g, a, 3, ), and p = 1 the class TH(), a, 3) and the
above subclasses reduce to the various subclasses introduced and studied in the
literature (see [1, 2, 7, 9, 13, 17]).
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