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Abstract. This paper discusses the approximation by a Jackson-type operator on the
sphere. By using a spherical translation operator, a modulus of smoothness of high or-
der, which is used to bound the rate of approximation of the Jackson-type operator, is
introduced. Furthermore, the method of multipliers is applied to characterize the satura-
tion order and saturation class of the operator. In particular, the function of saturation
class is expressed by an apparent formula. The results obtained in this paper contain the
corresponding ones of the Jackson operator.

AMS subject classifications: 41A17, 41A05, 41A63

Key words: approximation, Jackson-type operator, saturation order, saturation class,
sphere

1. Introduction

A volume of work has been carried out for studying Jackson and Bernstein type
theorems on the sphere during the past decades by Lizorkin and Nikol’skii [13],
Ditzian [8], Dai [7], Dai and Ditzian [6], Li and Yang [12], Rustamov [16] and
many other mathematicians. In 1983, to prove direct and inverse theorems on a
more special Banach space H)(S"~'), Lizorkin and Nikol’skii [13] constructed an
iterated Boolean sum of Jackson operator. They introduced a Jackson-type operator
(Q¢ . f) (which will be defined in the next section), which is a linear combination
of an iterated Jackson operator and can be reduced to the known Jackson operator
when d = 1. Here we are interested in the approximation properties of (Q%S -
After introducing a modulus of smoothness of high order by using the translation
operator on the sphere, we will give an estimation of the rate of approximation for
the operator (Qz’s f). We also use the method of multipliers to obtain saturation
theorems of (Qg,s f), and the expression of the function of saturation class. The
obtained results show that the operator (Qg)s f) has a higher degree of approximation
and order of saturation. When d = 1, our results coincide with those of the known
Jackson operator.
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2. Definitions and auxiliary notations

A function on the sphere S"~! is in LP(S"71), 1 < p < oo, if

1/p
Il = Uflzmnny = { [ 1f@Pdr} <o 15p<oc

and

£ lloo := I[fll e (gn-1) :=ess sup [f(z)], p=o0,
I€Sn—1

where do is the surface measure on the sphere S*~! given by
S"hi= {2 = (21, 29,...,2,) ER" 127 + - + 22 =1}.

Let C(S™1) be the space of continuous functions defined on S"~!, which is endowed
with norm

I fllosn—1) = ax |f(2)].

We denote by 7 the north pole of S*~1. For a fixed § € [0,7] and all z €
g = {x:2€S" ! (A -x)=cosh}, if h(x) is unchanged over @y, then it is called
a zonal function on the sphere. Clearly, h(x) is isomorphic to a univariate function
f(0),0<6 <7 Letn=(1,0,...,0), ' = (cosb,sinb,0,...,0), then for x € vy,
h(z) = h(z') = h(cosf,sinb,0,...,0) = f(9), 8 € [0,n]. It is obvious that the space
of all continuous zonal functions C, C C(S"~!) is a Banach space the norm of which
is

[flley == sup [f(0)].
0<6<r
Correspondingly, the space of all p-th Lebesgue integrable zonal functions is a sub-

space of LP(S"™1), i.e. LY C LP(S"'), 1 < p < oo, 2\ = n — 2, and the norm of
this space is defined by

Qs [T v
I = {22 [T 1@ amo)}

where dm (#) = sin** 8df, and Q,,_; means the (n — 1)-dimensional surface area of
the unit sphere of R". For p = oo, L{® C L®(S"™1),

[flloc,x :=ess sup |f(0)].
0<6<m

Here and elsewhere, we always use X to denote the space LP(S"™!), for 1 < p < oo
or C(S*1).
For f € L}(S"~1), the translation operator on the sphere is given by (see [1, 18])

1
So(f)(u) == ey /;L~;L’—COS0 fuhdy', 0<0<m,

where 2\ = n — 2. Here we integrate over the family of points x/ € S*~! whose
spherical distance from the given points u € S*~! (i.e. the arc length between p and
u' on the great circle passing through them) is equal to 6.
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Set

S5 () = F(u). S5 () = So(S§ ™V (H)w), 5 =1,2,3,....
We introduce the sphere difference (see [13]):

AY(F) = Da(f) = (571 = Diw),
r— - r—5 (T j T
85(4) = 2@y () = 00177 (7) 8590 = (S0 = 1, 7 = 1,2
3=0
at the point p € S"~!, where I is the identity operator on LP(S"~!). Then the 2r-th
modulus of smoothness of f € LP(S"~!) is defined by (see [16])

wQT(f,t)p = sup [|AGf|lp, O<t<m r=1,2,....
0<0<t

Obviously, w?"(f,t), can be rewritten as

T (fut)y = sup || (So—I)f [, -
0<0<t

Now we state some properties of spherical harmonics (see [18], [10] and [15]).
For integer k > 0, the restriction to S"~! of a homogeneous harmonic polynomial
of degree k is called a spherical harmonic of degree k. The class of all spherical
harmonics of degree k will be denoted by H}}, and the class of all spherical harmonics
of degree k < m will be denoted by II7,. Of course, II?, = @;"_, H}, and it comprises
the restriction to S*~! of all algebraic polynomials in n variables of total degree not
exceeding m.

For f € LP(S"1), the known Jackson operator on S"~! is defined by (see [13])

1

Jk:,s(fnu) = Q 9

/ F(W) Dy s(arccos - p')dy!, k=1,2,...,
Snfl

where k and s are positive integers,

. kO 2s
sin &~
Dy s(0) := A;i < 3 )

Sin bl

is the classical Jackson kernel, and Ay s is a constant connected with k£ and s such
that

n—2

/ Dy..o(0)sin®* 0dh =1, \ =
0 2

‘We observe that

1
Jk,s(fy/’[’) = 9 L,

s 1 B .
= /0 <leI12)\9 / . f(p')as" 2(,“/)> Dy,5(0) sin* 0df
n—2 - p’ =cos

- /W So(f, 11)Di.s() sin®* 6 db. (1)
0

/ f(1') Dy s (arccos pu - p)dp'
Snfl
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We now introduce the definition of the Jackson-type operator as follows (see
[13]).
Definition 1. Let f € LP(S"71),1 < p < 0o, and let d be a positive integer. The
Jackson-type operator is given by

(QL.)(p) ,/ Dia(0)(I — ) (1) sin" 9. %)

It is clear that for d = 1, the Jackson-type operator (Qg}s f)(w) coincides with
the known Jackson operator Ji (f, ) and it is a spherical harmonic of total degree
not exceeding (k — 1)s. But for d > 2, (Qg’sf) (u) is not a spherical harmonic unless
f is not so (see [13]).

We briefly introduce the projection Y;(-) by Gegenbauer polynomials {G}\}?i1
(A = 252) for discussion of saturation property of (Qg ().

Gegenbauer polynomials {GA} , are defined in terms of the generating function
(see [17]):

At
(1- 2rt +1r2 Z Gl (3)
where |r| < 1, |t] < 1. For any A > 0, we have (see [17])
G (t) = 2Xt (4)
and
iGA(t) = 22GM (1) (5)
dt 7Y gmL

When A = 252 (see [18]), there holds
L(j+2)\)

GMt) = Fr PR, G =0,1,20
;0 INGE ) NCAY I ®),
where PJ'(t) is the Legendre polynomial of degree j (see [15]).
Particularly,
I'(j+2N) .
GMl) = ===, j=0,1,2...
therefore,
G (1)
P() = =X (6)
! Gr(1)
Besides, for any j = 0,1,2,... and [¢t| < 1,[P}*()] < Pj*(1) = 1 (see [15]). In

addition, we use the estimate (see [1])

|2\ —1
n@mwuhzwpmwmw<mwn=c+5 )
<0< ]

= 0(32)‘ 1)7 j — oo. (7)
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We shall rely on the classical statement that every function f(u) € LP(S"71)
admits a unique Laplace expansion of the form

> Yilfim)

=0

with respect to the spherical harmonics, where the convergence of this series is meant
in a weak sense (see [13]). Here

G+ N
27r)\+1

Yi(fip) = / G- ) f(u)dy, §j=0,1,2,

It follows from (4), (5) and (6) that

i +2N)

1— Pl'(cosf)
lim ,
220 +1

6—0 1 — PP(cos)

j=0,1,2....

Next we give the definition of saturation order of operators (see [1]).

Definition 2. Let ¢(p) be a positive function with respect to p, 0 < p < oo, tending
monotonely to zero as p — oco. For a sequence of operators {I,},¢ if there exists
K C LP(S"1) such that

(i) I I1,(F) = fllp = ol(p), then I(f) = f;

(i) Np(f) = fllp = O(e(p)) if and only if f € K,

then 1, is said to be saturated on LP(S"~1) with order O(p(p)) and K is called its
saturation class.

In order to get the saturated class of (Qg’S f)(u), we introduce a function class
H, which will be proved to be a saturated class of (Qz}sf)(u) later.

Definition 3. Let N be a set of non-negative integers, 1 : No» — R, and 1(0) = 0.
For all j € Np, H(X,¥(9)) is defined as follows:

{fecE):

H(X, () =

{ferLrs"):

{ferE:

there exists g € L™ (S”’l)
such that Y (§)Y;(f;z) =
there exists p € M (S*=1)
such that (j)Y;(f;z) =
there exists g € LP(S"1)
such that Y(§)Y;(f;z) =

Yi(g;x)}
Y;(dp; )}
Y;(g; )}

where M (S"~1) is the collection of all Borel measures on S"~*.

Finally, we introduce spherical convolution.

In 1955 Calderén and Zygmund

(see [5, p.218]) defined the convolution on S"~! with the help of a zonal function

n [0, 7]. Later Bochner [2] made some introduction, and Hirschman, Jr. [11

some detailed discussion.

] gave
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Definition 4. Let f € L'(S"™') and g € L}, 2\ =n —2. Then

h(z) = Qj_ fy)g(x-y)dy 9)

S§n—1

18 called a spherical convolution of f and g, denoted by h = f xg. And f * g can be
expanded by the spherical function:

Yo(fxgix) = g(n)Yu(f; ), (10)

ntAJ
where g(n) is the Gegenbauer coefficient (see [1, p.207]).

3. Some Lemmas

In this section, we show some lemmas as a preparation for the proof of the main
results.

Lemma 1. For 3>0,2s > 0+n—1,0<60 <7, andn > 3, we have

/ 09Dy, o (0) sin 0d0 < Cps k" (11)
0

where \ = %_2, and s,n, k are positive integers.

The proof of Lemma 1 is simple (see also [13]).
The following Lemma 2 gives the description of st f(p) by multiplies.

Lemma 2. For f € LP(S*71),1 < p < oo, there holds

(Qiof)(u Zské ) (12)
where
T G (cos ) !
é“;‘f,s(j):l—/o Dy.,s(0) (1—%) sin”"%0df, j=0,1,2...  (13)

and the convergence of the series is meant in a weak sense.

Proof. We know f(u) =372, Y;(f;p). Then from Definition 1,

QL) ZYJ fip) — / Di.s(0)(I — Sp) f (1) sin™ 2 0do.
j=0

From [13], it follows that

> G (cosb
So(f) = ZJ(;()\(]J)}G(f;ﬂ)'

Jj=0
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So
d G;‘(cos 0) ¢ o
(Qk,sf)(ﬂ) = 1 —/ Dk:s - oy | s 0do Yj(féﬂ)
= G5 (1)
= > &)Y
7=0
This finishes the proof of Lemma 2. O

The next lemma is useful for determining the saturation order. It can be deduced
by the methods in [1] and [4].

Lemma 3. Suppose that {Ip}p>0 is a sequence of operators on LP(S"™1), and there
exists series {)‘P(j)};il with respect to p, such that

=2 M)Y5(N@)

for every f € LP(S"~1Y). If there exists o(p) — O+ (p — o0) such that for any
i=0,1,2,...,

1\ (i
Tt 16) B
r=ro 9(p)

then {1,} ., is saturated on LP(S™1) with the order O(p(p)) and the collection of

all constants is the invariant class for {I,} _, on LP(S"—1).

In [9] Dunkl introduced the spherical convolution with respect to the measure
and zonal function. Normally M) is denoted by the set of Borel measures pu, and it
satisfies

Qe T
Iy = =2 [ ldulo)] < .
n—1J0

Now, let M (S"~!) be the space of all the limited regular Borel measures on S"~1
endowed with the norm

1
lilar = g /S du(z)]

Then it is a Banach space and every u € M(S"~!) can be expanded as the following
spherical series:

S(dps ) ~ > Yy(dp; x)
7=0

where TOYG+A)
j+ ,
Tonal /S_ G}z y)dp(y), j=0,1....

From the above we get Lemma 4 (see [9]).

Y;(du;z) =
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Lemma 4. Let f € L8, 1 <p<oo or Cx, p€ M(S"'). Then

(fxdu)(z) = & f(@ - y)du(y) (14)
n—1 JS§n—1
is in LP(S"71) or C(S"71),
1f*dully < [Fllpallellm (15)
and
Yi(f *dpz) = F()Y;(dp; ). (16)

J+A
Moreover, if u is a zonal function, so is f * p.

To get the saturation class, we need to discuss spherical convolution and a sin-
gular integral together (see [1]). Let f € X,B, € L}, and also

c(O,p)/ B,(cos0)sin®* 0df = 1, (17)
0
(0, p) / |B,(cos 0)|sin®** 0df < M, (18)
0
(for p > 0, it holds uniformly and also M > 1)
lim sup |B,(cos®)| = 0. (19)
P00 <<
Then
1
Hfia) = o [ Ty (20)
n—1 J§n—-1

is a singular integral with kernel B,(p > 0), where ¢(0,\) = Q,,_2/Q, 1. It is easy
to know that the operator (Q¢ ,f)(u) is a singular integral with classical Jackson
kernel Dy 5. 7

Now we give the fifth lemma (see [1]).

Lemma 5. Let f € X. Suppose that the kernel B, of singular integral (20) satisfies
(17),(18) and

Jim B ¥ (), (21)

where the meaning of v(p) is the same as that of Lemma 3. Then the following
statements hold:
a) If there exists g € X, such that

. 1
i |t - 1y -4 =0, 2
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then
VYj(fix) = Yi(giw), j=0,1,2
Especially, if g =0, then f is constant.
b) If
I1Hof = fllx = O(e(p), p— o0,

then f € H(X,9¥(5)).

To represent the functions in the saturation class (see Theorem 3), we define the
following kernel:

oY [ e 1} dr,d=1
1l ar.d=1:
— 2\ +1 ’ )
kq(1,t) = l—r (1 —2rt 4+ r2)
2,\/ TP kg1 (r,t)dr, d=2,3,...

where |r| < 1,]¢t] < 1,

1 r 1— T2 7,.2A _ 7"2A
ki(rt) = — - ~1 L g
l(ra ) 2\ A |:(1 o 27'1t + T%)A+1 :| " 1

and

I A
kd(r7t): a/o Wkd_l(rl,t)drl, d:2,3
1

Lemma 6 gives some important properties of kg.

Lemma 6. Lett =cosf. For A\> 1, 1<q< (2\+1)/(2\ — 1), we have
[[ka(1, cos())[lqn < o0 (23)
Furthermore, (23) also holds for A\ =1, 1< ¢ < cc.

Proof. From (3) it follows that

1—7r? Ny
,\+1:Z 2 T]G?(t)v (24)
=0

(1—2rt+1r2)

where —1 <t <1, 0§r<1and)\>—%,)\7é0. By (24) we have

J+,@]+>\ B ].—T% 8
E t) = -1 < 1 > —1.
G {(1—2r1t+r)*+1 o Osm<l fz

Since the left series converges uniformly, by termwise integration with respect to r;
on [0, r] we have

iiﬂwﬂ HAGA(t) - / Sk —1|rPar
j+B+1 A T T f (=2t P e
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We first take 8 = —1 and multiply r?*, and take 3 = 2\ — 1 in the above formula,
respectively. Then their difference is given by

o0

1 1 A r 1— 2 2) 2\
Z < - )TJH/\] - GA( t) = / { . AL 1} O .
=\J + 2\ A o | (1=2rit+17) 1

For 0 <r <1land —1<t¢<1, we have

1 T 1— 7,,2 T2)\ 7"2)\
ki(rt) = — 1 -1 L d
Hrt) = o3 {(1 — 2yt 4 )M ] no

> 1 oy A
= 22X G (1).
;J’(H%)T G

Similarly,

1 T ,r2)\ _ 7"2)‘
kao(r,t) = —/0 Tﬁkl(rl,t)drl
T

LI Agng)

o

— 3
= (G +20) A
It follows from induction that
1 T 7,2)\ _ 7"2)‘
ka(r,t) = 5/0 T_de 1(r1, t)dr (25)
o0 .
_ ]+2)\j + AG%‘ " 2%
S =

For0 <r <1, —-1<t<1 1-2rt+7r2 > 0 holds. So from the integral ex-
pression of k1(r,t) we can attain that for any ¢ € [—1,1), lir{l ki(r,t) exists and

k1(1,t) = lil{l k1(r,t) is continuous for t. Furthermore, kq(1,t) = liI{l kq(r,t)
also holds for ¢ € [—1,1). Therefore,

11—
k (1 t) 2)\/ T_de 1(7'1, )d""l.

Next we prove the boundary of k4(1,¢). From (25), kq(1,t) can be written as

121 1t
kd(Lt) = —/ T—i—lkd 1(’/"1, )dT1+ 2)\/ Tﬂk’dq(ﬁ,t)dﬁ
0 LSt

= I1 +Iz. (27)
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Applying (7) and (26), we have

1 w— 1 j + A A — o
| = ﬁz (G +2XN) ’G ‘/ P ri
]:1
o0 . .
SLZ j+)\ j-‘r?f\—l i‘_ ' 1 ‘
2\ = (7 + 2/\ A J 215 (J 4 2X)29+2A
o0 1 o0 j2)\ 1
< C
- ; + 2X))d—1 24 JZ::I j 4+ 2X))41 (5 4+ 20) 20127
= CQ < (28)

where C;(A\)(i = 1,2,...) are constants depending on A. Thus I; is uniformly
bounded for ¢.
Next, we discuss I5. For ry € [%, 1),

1 1 1_,],.2 7.2)\ 7,2)\
k t) = — 2 —1| 4 2 d
1) 2/\/0 [ (1 — 2ot + 7321 ] "2

:i/'E 1—7’52 -1 T%/\_r%/\drz
2\ Jo  [(1 —2rot +r3)* 1 o

e ey,
20 J1 (1—27‘2t+7’))‘+1 T2

2

= By(t) + Bs(t).

From the above discussion, B; is uniformly bounded for ¢. Also

1 T1 17,],.2 7n2)\77,2)\
By(t)| = |— 2 —1| = 2 d
[B2(0) ‘2)\/% {(1—27“2754—7“ M ] o

1 1 1 1— 2 2\ 2\
/ r2 —=dry + / "2 T S drs.
2\ 2\ 1 (1 —2rat+r3) 79

It is easy to verify that the first integral of the right—hand side is uniformly bounded.
Hence we consider the second integral on the right-hand side. Let

t):i/ Lorg i,
22 J1 (1= 2rot +r2)A1 1y

For -1 <t < %7 I(t) is bounded uniformly. For 2 <t < 1, we divide I(t) into two
parts, (1 —r)? > 1 —t and (1 —13)? <1 —t, and estimate each part respectively.
Since 1 — 2rot + 13 = (1 — 72)% + 2r9(1 — t), we have the following inequalities (see
[14)):

(1= 2rot + rH ML > (1 — 1) 22,
(1 —=2rgt +rH ML > @ —p) ML r>1/2
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It follows from 1 — 73 = (1 — 7o) (1 + 79 4+ 73 +--- + 72271 < 20(1 — r) that

1 1—(1—t)2 r 1— g2 P2 2
0= o5 | [ et
1 1—(1—t)2 ( T2 +T2) 72

1—(1-t)2 1
4/ (1 —19) Pdry + 4(1—t)_’\_1/ (1= ra)2dry
1 1-(1-t)2

{52 4 Cy[ln(1 — 1),
Ca(N) + C3(N)(1 — £) 73,

IN

M\HM\»—l

A
A >
Thus as 8 — 0+,

Sin U -
k1 (r1, cos )] = {ggléll(n 2>2)2)>\+1) i S

)

M\Hw\»—t

From the above estimations we can see that kq(r1,cos) is uniformly bounded for
r1. Analogously, by (25), (26) and (28), we have

2\ 2\
T Ty

|ka (12, cos 0)] < Cy(N) —|—ﬁ T_H\kl(rl,cos@\drl < 0.
3 1

This implies that for 1 < ¢ < gf\‘ﬂ, and A > 1/2,or 1 < g < oo and A = 1/2, there
holds

k1(1, cos(- = k1 1,cosf 7gin?* dO < oco.
” q)\ Q B

Using (25), (26) and (28), by 1nduct10n we can prove |kq(1, cos )| < co. Then by
(27), we can know that for 1 < ¢ < giﬂ, and A >1/2,or 1 <g<ooand A=1/2,
there holds

[ka(1,cos(-)IF 5 Q” 2/ |ka(1, cos 8)|sin®* 9df < oo.
-1.Jo

4. Main results and their proofs

In this section, we first give an estimation of the rate of approximation by the
Jackson-type operator ( %S f)(n). Then, we prove the saturation theorem of the

Jackson-type operator on LP(S"~1).

Theorem 1. Let d, s, k be positive integers, 25 >2d+n—1, and f € LP(S™71),
1 < p < oo. For the Jackson-type operator (Qf 4 )(p) defined above, we have

Hth—ﬂb<CwM(ﬁ;> (20)

p

where the constant Cy only depends on d and s.
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Proof. By Definition 1 we have

QL)) = f(p) = /Ow(—l)d‘l(se — D)% f () Dy, <(#) sin 2 0d8.
Therefore

@8t = 1l < [0S0 = 111, Den(0) s 00

IN

/ W?U(f,0), Dk () sin™ 2 0do
0

IN

4 1
/ (kO 4 1)24w? (fk> Dy, +(0) sin™ 2 0do
0 P

2d
(1) £ (e

P j=0

1
= Clwzd <f7 ) .
k p

The last inequality follows from Lemma 1, since 2s > 2d+n—1 > j+n — 1,
j= 0,1,2,...,2d. This completes the proof of Theorem 1. O

Theorem 2. Let d be a positive integer, 2s > 2d+n—1. Then (Qﬁ,sf)(u) is saturated
on LP(S"~Y) with order k=2 and the collection of constants is their invariant class.

Proof. For j =0,1,2,..., we first prove that

- 1-&.0G) (j(j+2,\)>d. (30)

k—oo 1—¢8 (1) \ 2A+1

In fact, for any 0 < § < 7, there exists § such that 2s > f4+n—1>2d+n —1,
then it follows from (11) that

/ Dy, o (0) sin®* 0dh < / (g)%hs(e)sm”ede
4 5

IN

6h / 0° Dy, 4 (0) sin** 0dh
0
< Cps(0k)7P.

Since 8 > 2d, then

/ Dy.o(0)sin* 0d0 = o(k~?%), k — oco. (31)
é
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And using (11) again, we have

™ A d
1- 61‘375(1) = /0 Dy s(0) (1 - Gé(ifz)ls)Q)) sin®* 0do

= 2d/ Dy, +(6) sin? g sin®* Adf
0

< / ’ Dy, +(0)6%4 sin** 0do
< OI:*“.
So we obtain
=gl (1) = O™
Let

We deduce from (8) that

I
im0 1 T cos 6)

1—Tj’\(cos€) _ (G +2N) d
22 +1 '

Hence for any € > 0, there exists 6 > 0 such that for 0 < 6 < ¢

iy d
(1—Tj’\(cosﬁ))— (j(QJ/\—:?I)\)) (1—T1/\(COSQ))‘ < € (1 =T} (cosh)).
Then
iy d
-0 - (55 a- 5;?,5(1))‘
B ™ G (cos0) ! JG+20\* G7(cos @
- | e (1 D) ) () (-G
x sin®* 0df

’ G (cos(0)\*

S/o Dy s(0) € (1_G{‘(l)> sin®* 0df

T .. d
+/ Dy, +(0) <1+ <m) )m” L
&
< -0k + o(k™29)
= ok, k- .

Therefore (30) holds and is not equal to zero.
According to Lemma 3, we finally finish the proof of Theorem 2.

))}
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From Lemma 5, it is easy to see that the saturation class of (Qﬁ_ysf)(u) is

H(X, =0 +20)%).
Next we give an equivalent theorem about the saturation class.

Theorem 3. Let f € X. The following statements are equivalent.
(i) | eHX,~(j(j+27)%.
(ii) For f € LP(S"Y) and g € LP(S"1) (1 < p < o0)

f@) = Yols) = o [ k(e ety (33)

holds almost everywhere, and for f € C(S*™1) and g € L>®(S"1), (33) follows too.
For f € LY(S™™') and the measure p € M(S"~1)

f@) = Yols) = [ kL (o )ty (39

holds almost everywhere, where kq(1,t)(—1 <t < 1) is given in Section 3.

Proof. We first prove that (i) implies (ii). From (26), we obtain the Gegenbauer
coefficient of k4(1,¢):

N R 1 ‘ .
kq(1 = =1,2..., kq(1 = 0.
d( 7]) )\ (](] +2)\))d7 ] ’ I d( 70) 0

If feHX,—((+2)))%), and X = LP(S"1),1 < p < 0o or X = C(S* 1), then
for any j =1,2..., we have

m Yj(g;x) = —= A ka(1,)Y;(g; ).

JtA
If feHX,—(5(+2))?%) and X = L}(S"~!), then we also have for j = 1,2...

Yi(fiz) = —

Yi(f;2) = ka(1, §)Y;(dp; ).

IS

Therefore, by (10), Lemma 4 and the uniqueness theorem of Laplace series ex-
pansion, there hold (33) and (34).

Using (9), (10) and Lemma 4, we can deduce (i) from (ii). This completes the
proof. O
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