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Abstract. Suppose K is a closed convex subset of a real reflexive Banach space E which
has a uniformly Gateaux differentiable norm and every nonempty closed convex bounded
subset of E has the fixed point property for nonexpansive mappings. We prove a strong
convergence theorem for an m—accretive mapping from K to E. The results in this paper
are different from the corresponding results in [8] and they improve the corresponding
results in [6, 14].
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1. Introduction and preliminaries

Let E be a real Banach space and E* its dual space. Let J denote the normalized
duality mapping from FE into 2" defined by J(z) = {f € E* : {(z,f) = |z|]®? =
|l fII?}, where (-,-) denotes a generalized duality pairing between E and E*. It is
well-known that if E* is strictly convex, then J is sing-valued. In the sequel, we
shall denote the single-valued normalized duality mapping by j.

Definition 1. T : K — K is said to be a nonexpansive mapping, if V x,y € K,
| Tz —Ty| < ||z —yl|l. The set of fixed points for T is denoted by F(T) ={x € K :
Tx =z}

Definition 2. An operator A (possibly multivalued) with domain D(A) and range
R(A) in E is called accretive mapping, if ¥ x; € D(A) and y; € Az,;(i=1,2), there
exists j(xg — x1) € J(xg — x1) such that (yo — y1,j(xe — 1)) > 0. Especially, an
accretive operator A is called m-accretive if R(I +rA) = FE for allr > 0.

For each r > 0, if A is m—accretive, then J, := (I + rA)~! is a nonexpansive
single-valued mapping from R(I 4+ rA) to D(A) and F(J,) = N(A), where N(A) =
{r € D(A) : Az = 0}.

Iterative techniques for approximating zeros of accretive mappings have been
studied by various authors (see, e.g., [3, 4, 6, 12, 14, 16], etc.), using a famous Mann
iteration method, Ishikawa iteration method, and many other iteration methods such
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as viscosity approximation method [3] and steepest descent approximation method
[11].

Recently, T.H. Kim and H.K. Xu [6] and HK. Xu [14] studied the sequence
generated by

Tpt1 = aptu+ (1 — )y, T,y (1)

where 79 € E, J,, = (I +7,A)7}, a,, € [0,1] and obtained the following Theorem 1
and Theorem 2, respectively:

Theorem 1 (see [6], Theorem 2). Assume that E is a uniformly smooth Banach
space and A is an m—accretive operator in E such that N(A) # 0. Let{z,} be
defined by (1). Suppose {an} and {r,} satisfy the conditions:

(i) an — 0, 22 o, = 00, X2 (|ant1 — an| < 00,

(i) 2 e >0, 32, [1- 22| < oo,

Then {x,} converges strongly to a zero of A.

Theorem 2 (see, e.g. [14] ). Suppose that E is a uniformly smooth Banach space.
Suppose that A is an m-accretive operator in E such that C = D(A) is convex.
Assume

(i) an — 0, 22 1, = 00, B2 |apt1 — an| < 00,
(i1) 1, > € >0, B2 |rpq1 — o] < 00.
Then {x,} converges strongly to a point in N(A).

Inspired and motivated by the iterative sequences (1), Qin and Su [8] gave the
following iterative sequences:

{yn = 5111'71 + (1 - /Bn)Jrnxna

Tnt1 = apt + (1 — an)Yn,

2)
where u € K is an arbitrary (but fixed) element in K and sequences {«,} in (0,1),
{Brn} in [0,1]. Then they obtained a strong convergence theorem as following:

Theorem 3 (see, e.g. [8]). Assume that E is a uniformly smooth Banach space
and A is an m—accretive operator in E such that N(A) # (0. Given a point u € K
and given sequences {a, }>2 o, {Bn}5% in [0,1], suppose that {a,}52 o, {Bn 52 and
{rn}22, satisy the conditions:

(7’) Z;l.o:(]a’ﬂ =00, &y — 0;‘
(ii) v, > € for all n and B, € [0,a), for some a € (0,1);
(i) E5Zolom+1 — an| <00, B2|Bnt1 — Bal < 00, BpLy|rn — rn—1| < 00.

Let {x, 52, be the composite process defined by (2). Then {x,}52, converges
strongly to a zero of A.
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Let

N _{O,ifank 3 _{0 ifn =2k , _{%,ifn:%
" tifn=2k—1, T 342 fn=2k—1, " | 1, ifn=2k-1,
where k is some positive integer. Obviously, the coefficient a,, 8, and r, do not
satisfy condition (iii) of Theorem 3 and conditions (i-ii) of Theorem 1. Hence, if we
can remove condition (iii) of Theorem 3, then the coefficient o, 8, and r, have a
more extensively applicable scope.

Using the technique in [15, 5], algorithm (2) is analyzed from a new perspective
in this paper, then a strong convergence theorem is obtained in the framework of
real reflexive Banach spaces FE with uniformly Gateaux differentiable norms and
condition (iii) of Theorem 3 is substituted by a new condition which is 0 < a <
Bn <b<landr, >e>0for all n, lim,_o |rnt1 — rn| = 0. At the same time,
our proof is more simpler than that of Theorem 3 and our theorem also improves
and extends Theorem 1 and Theorem 2 to more general real Banach spaces with
uniformly Gateaux differentiable norms.

In what follows, we shall make use of the following Lemmas.

Lemma 1 (see [2]). Let E be a real normed linear space and J the normalized
duality mapping on E; then for each xz,y € E and j(x +y) € J(z + y), we have
lz+ gl < NIz + 20y, (= +y)).

Lemma 2 (Suzuki, see [9]). Let {z,} and {yn} be bounded sequences in a Banach
space E and let {5, } be a sequence in [0,1] with 0 < liminf, . 5, < limsup,,_, . Bn
< 1. Suppose Ty 1 = Bpyn+(1—Pn)zn for all integersn > 0 and limsup,, . ([|yn41—
Ynll = 1Tt — znl]) <0, then lim, .o ||yn — zn|| = 0.

Lemma 3 (see [13]). Let {a,} be a sequence of nonnegative real numbers satisfying
the following relation:

Ap+41 § (1 - an)an + QnOp + Yn, T Z Oa

if (i) an€[0,1], > a,=o00; (i) limsupo, < 0; (i) v, > 0, > y,<o0, then a,—0,
as n— oo.

Lemma 4 (see [7]). Let K be a nonempty closed convexr subset of a reflexive Ba-
nach space E which has uniformly Gateauz differentiable norms and T : K — K a
nonezpansive mapping with F(T) # (). Suppose that every nonempty closed convex
bounded subset of E has the fixed point property for nonexpansive mappings. Then
there exists a continuous path t — z;, 0 < t < 1, satisfying z = tu + (1 — ¢)Tz, for
arbitrary but fivred uw € K, which converges to a fixed point of T.

Lemma 5 (see [1, 8]). For A>0 and x>0 and z € E,

I =J, (%x—f— (1 — %) J)\x) .
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2. Main results
Throughout this paper, suppose that

(a) FEisareal reflexive Banach space E which has uniformly Gateaux differentiable
norms;

(b) K is a nonempty closed convex subset of E;

(¢c) every nonempty closed bounded convex subset of E has the fixed point property
for nonexpansive mappings.

Theorem 4. Let A : K — FE be an m—accretive mapping with N(A) # 0. For
given u,xg € K, let {x,,} be generated by the algorithm (2). If ay, € [0,1], {Bn},
{rn} satisfy the following conditions:

(i) an — 0, 2 ga, = o0,
(ii) 0<a<pB,<b<1; (i) lim |rpp1 —7,| =0, 7, >e>0,

then {x,} converges strongly to a zero of A.

Proof. We know that F/(J, ) = N(A) # 0 and J,., is nonexpansive. Let p € F(J,. ),
it follows from (2)

1yn = pll < llzn = plls 2041 = pll < anllu =pll + (1 = an)l|lzn - p|,

which yields that ||z, — p|| < max{||zg — pl|,||u — p||}. Hence, {x,} is bounded and
so is {yn}-

Now, we shall show ||z,4+1 — x| — 0 as n — oco. For the purpose, let v, = 1 —

—  _ Tag1—Tnt+YnTn ;. — _ anut(l—an)(1=Bn)Jr, Tn
(1 - O‘n)ﬁna Yn = H77n7 Le. Y, = Yn ) then

_ <an+1 an) wt (1- an+1)(1 - ﬁn+1)Jrn+1xn+1

yn+1 — Yy = Yt - % Yt
o (]- - an)(]- - ﬁn)Jrnxn
Tn
_ (Oén-i-l _ Oén) u+ (1 - O‘n)(l - ﬂn)(Jm+1$n+l - Jrnxn) (3)
Tn+1 Tn Tn

n(l—(1—a, n —n 1= B =om
+ (a ( ( Un+1)Bp+1) = A B : ))> JrprTnsr:
Yrn+17n
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It follows from (3) and Lemma 5 that

_ _ Un41  Qp (1_57L)||J7'n+lxn+1—J"'nan
— < |———1||u||+
¥n+1=all T [Jull -
ap+a
+n7n+1HJTn+1xn+1”
Tn+17n
o1 Tnt1— Jrp T+ JT7L(%$7L +(1- r;il Vi1 Tn) = I, Tnll
B Tn
Op+0p41
><(1*ﬂ7l)+%(\um+lxn+1|| + flull)
n n
(1=Bn)([#n41— zn| + |1 = 25 [Mo)
B Tn
O+ Qg1
= ([T sy T || + [|e]])- (4)

"Yn+1f}/n

where ||Jy, ., Zn —2y| < My. By (i-iii) and boundedness of {z,}, from (4) we get
that

lim sup (|7, 11 =nll = 2011 —2al} <0. ()
n—oo

Based on Lemma 2 and (5), we have lim |7, — x,||=0, which implies lim ||z4+1

—2,||=0. Since ||Zn+1 — Yn|| = anllu —yn|| — 0 as n — oo, then ||z, — y,| — 0 and

b
1_ﬂn

Take a fixed number 7 such that 0 < r < ¢, from Lemma 5 we obtain
Jr (rxn + <1 — T) Jnlacn) — Jrxy,
Tn Tn

|20 = Jrznll < o0 — Jr 20l + | e, 20 — Jrxn|| < 2|20 — Jp 20]| — 0 asn — oo.

”xn_‘]rnxn” = Hxn_ynn — 0 asn — oo. (6)

| Jr2n — Jran|| = ‘

<z = Jr, mals

which implies that

Let z; denote the fixed point of contraction mapping H; given by
Hix=tu+(1—-t)J,z, z € E, VY t €(0,1).
Then, using Lemma 1, we have

20 = xnl® = [lt(u = @0) + (1 = 8)(Jrze — 20) |2
< (1= )2 Jrze — @l + 2t(u — 2, 5 (20 — 20))
<(1- t)2(||Jth — Jrxp || + | Jrzn — an)Z
+2t(u — 2t + 2t — Tpy § (20 — Ty))
< (U + )z = 2ol + 1 rzn — zall(2l|20 = 2ol + 1720 — znl])
+2t(u — 2, (21 — Tn)),
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hence,

| Jrzr, — 0| (
2t

let n — oo in the last inequality, then we obtain

. t
(u— 24, j(xn — 20)) < int - 33n||2 + 2|zt = | + | Jrzn — zal]),

t
hm Sup<u - Ztvj(x’n - Zt)> S §M7

n—oo

where M > 0 is a constant such that||z; — 2,]|> < M for all t € (0,1) and n > 0.
Now letting ¢ — 07, then we have that

lim sup lim sup(u — 2, j(z, — 2)) < 0.

t—0t n—oo

Thus , for Ve > 0, there exists a positive number ¢’ such that for any ¢ € (0,4'),

lim sup(u — z¢, j(n — 2¢)) < %

n—oo

On the other hand, by Lemma 4 we have z; — p € F(J,. ) = N(A) as t — 0%.
In addition, j is norm-to-weak* uniformly continuous on bounded subsets of F, so
there exists 6” > 0 such that, for any ¢ € (0,d"), we have

(u=p,j(xn = p))—=(u=24,j(2n = 2))| < [(u=p,j(2n —p))—(u—p,j(@n—2))]
+H(u = p,j(2n = 20)) = (u = 21, § (20 — 21))]|
< lu=pllllj(zn —p) = j(zn — 2
+ 2 = pllllzn — 2|

< —-.
2

Taking § = min{¢’, 8"}, for ¢ € (0,6), we have that

(u=p.jlon =) < (u— 21, j(wn = 2) + 5.

Hence,
lim sup(u — p, j(x, —p)) <&, where € > 0is arbitrary,

n—oo

which yields that

limsup(u — p, j(, — p)) < 0. (7)

n—oo

Now we prove that {x,} converges strongly to p. It follows from Lemma 1 and 2
that

llen (= p) + (1 = o) (yn — )|
(1= an)llyn = plI* + 200w = p, j(@ns1 = p))
(1= o)l = plI* + 200 (u = p, j (2041 = P)) ®)

41 = pl®

INIA

By condition (i) and Lemma 3, {z,,} converges strongly to p. The proof is complete.
O
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Remark 1. If E is uniformly smooth, then E is reflexive and has a uniformly
Gateauz differentiable norm with the property that every nonempty closed and bound-
ed subset of E has the fized point property for nonexpansive mappings (see Remark
3.5 of [16]). Thus, if E in Theorem 4 is a real uniformly smooth Banach space, then
Theorem 4 s true, too.

Using the proof method of Theorem 4, we may improve Theorem 1 and Theorem 2
as follows:

Theorem 5. Let A: K — E be an m—accretive mapping with N(A) # 0. Let{z,}
be defined by (1). Suppose {an} and {r,} satisfy the conditions:

(i) lim, 0o ap =0 and 82 g, = 00,
(i) r, > € >0, limy oo [Tng1 —Tn| =0, 70 < Tpy1.
Then {z,} converges strongly to a zero of A.

Proof. By using the proof method of Theorem 4, we can also obtain that {z,} is
bounded. Now, we shall show ||z, +1 — 2| — 0 as n — oo. For the purpose, let 7, =

_ — . — n 1— n J'r' n*‘s n
1-6,0<6<i(1-: , g, = TntiIatudn e yn:a’”( On)Jry Tn =0T

Tn+41 Tn 1—6 ?
then
_ L OGppiu— U (1 = ang1)dr, 1 Tngr B (1—an)d,, op
1)
+1 — 5($n — Tny1) 9)
(anpr—an)(u—Jp, Tn)+(1—=ny1)(Jrp o Tngr — Jr, Tn) 4+ 020 —0Tp 41
N 1-6 '

It follows from (9) and Lemma 5 that

_ _ Qi1+« 71 Tt 1 = Jr T | J
e e [
Api1 + @ 1)
= %HU—Jrnan*‘ﬁHanrl—an
’ JT" (T:j—l Tn+1 +(1 - 7‘::—1 )Jrn+1$n+1) _Jrnxn
* [
e} +
= %”“_Jrnan
((S"‘T:L)Hxnﬁ-l_ T+ (1 T:L i1 Tns1— Tl
1-96 ’
which implies that
_ _ Ont1 + Qp
[Frsr = Tall = Tns1—2all < == lu = Jy, 20 (10)
1-9

(1 - r:11)||‘]7‘n+1xn+1 - fEn”
1-6
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By condition (i-ii) and boundedness of {x, }, from (10) we get that

lim sup{ [T 1~ Tl = i1~} < 0. (11)

Based on Lemma 2 and (11), we have lim |7, —x,||=0, which implies lim ||z,4+1—
n—oo n—oo

Zn||=0. Since ||xnt1 — Jr, Tnl| = anllu — Jp, xn|| — 0 as n — oo, then
[zn = Jr,anll < ll2n — Tnsall + |20 = Jr @0l — 0 asn — oo, (12)

The rest of the argument is similar to the corresponding part of Theorem 4 and so
it is omitted. This completes the proof of Theorem 5. O

Remark 2. From Remark 1, if E is uniformly smooth, then Theorem 5 is true.
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