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Abstract. Let G be a metaplectic double cover of the group G of four-by-four real sym-
plectic matrices. Let g be the complexified Lie algebra of G. Denote by Wy and Wi the
Harish-Chandra modules of the even and odd Weil representations of G, respectively. We
find the Dirac cohomology of Wy and W7 with respect to a noncompact Levi subalgebra [
of a f-stable parabolic subalgebra of g. The results can be considered as counterexamples
to certain generalizations of the main results of [9].
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1. Introduction

In this note we continue the work of [13] with treating a much more difficult case of
Dirac cohomology with respect to a noncompact subalgebra [ of g = sp(4,C). The
modules we consider are the same as in [13]: the even and odd Weil representations
of g, Wy and Wy. These are also called Segal-Shale-Weil representations. See [17]
or [2], Ch. VIIL For the approach we adopt see [1, 3, 5] and [15].

The subalgebra [ is a Levi subalgebra of a #-stable parabolic subalgebra q = [Gu
of g, and it is isomorphic to gl(2,C), just as €, the complexified Lie algebra of the
maximal compact subgroup K of G = Mp(4,R). The obtained results are however
in sharp contrast with those for €. None of the results of [9], that would apply
if [ were contained in €, works here. For example, even though the modules we
study decompose discretely under [, the square of the Dirac operator does not act
semisimply. The Dirac cohomology is not the same as the u-homology or the u-
cohomology. The differentials for the u-homology and the u-cohomology, C' and
C~, are not disjoint. Finally, Dirac cohomology cannot be calculated in stages with
respect to the compact Cartan subalgebra t C [. See Section 6 for more details.

We will keep the notation of [13]. We refer to Introduction and Section 2 of [13]
(and to other references) for the definitions of Dirac operators and Dirac cohomology
and for their basic properties, as well as for facts about the structure of g.
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2. A Levi subalgebra of g

Let [ C g be the subalgebra spanned by t, and the short noncompact root vectors
vy = 2122 and vy = 20102. It is clear from the commutation relations of g that [ is
a subalgebra isomorphic to gl(2,C). Note that hy — hy is central in [, while hy + ho
is in [[, 1] and satisfies [hy + ha,vs] = 2vg and [hy + ho,v3] = —2v3. Therefore, we
change the basis of t to h; and ho = —hs to get the standard gl(2)-coordinates.

Moreover, [ is a noncompact Levi subalgebra of g: a corresponding parabolic
subalgebra q = [ @ u can be defined by setting u to be the span of vy, u; and
v%. (Note the change of the positive root system compared to [13], where vs was
a positive root vector and not v3.) In particular, Kostant’s cubic Dirac operator
D(g, 1) is defined (but since [ is a symmetric subalgebra of g, the cubic term actually
vanishes).

Recall the pictures representing bases of the irreducible (g, K)-submodules Wy
and W of the Weil representation W of g given in equation (4.1) of [13]. It is clear
that the rows of each picture are invariant and irreducible for [. Note that all these
rows are lowest weight gl(2, C)-modules (we are fixing a choice of positive roots for [
such that vy = 2129 corresponds to the positive root). The lowest weights appearing
in W are

1 1 1 1
ﬂ‘l’*,**; 5 nh—3) 1
(n+5.-5) ) 1)
for each positive integer n, with the corresponding lowest weight vectors 27" and z%,
respectively, and

(5)_5)’ (2)

with the corresponding weight vector 1. These belong to Wy if n is even, and to W
if n is odd. (The weight (3, —3) corresponds to 1 € W)

Remark 1. If we denote by g1 the subalgebra of g spanned by hi + ho, and by go
the subalgebra of g spanned by hy — ha, vo and v3, then it is well known (and easy
to check) that g1 x g2 = 0(2,C) x s1(2,C) is a (complezified) compact dual pair in g.
Therefore, our decomposition is a very special case of general results of Howe [5, 6].

3. Tensoring some gl(2, C)-modules

To calculate the Dirac cohomology of W with respect to D(g,[), we first need to
understand the F-module W ® S. Here S = Au is the spin module for C(u & u).
Since /\Ou and /\311 are one-dimensional, it is obvious how to tensor any module
with them. So what we need to study are the tensor products of the lowest weight
[-modules appearing in W with three-dimensional -modules A" w and A®u. In this
section we do the analysis of such tensor products for slightly more general modules.

Let V(lg"l‘)’) be a lowest weight [ = gl(2, C)-module with lowest weight (a,b), on
which vg acts freely (i.e., vq is an injective linear operator). Then V(l(‘;‘?)’) is spanned by
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the weight vectors (q,4), T(at1,b-1), T(a+2,b—2), - - - » Of respective weights (a,b), (a +
1,b—1),(a+2,b—2),..., such that

T(atkp—k) = V5 T(ap), keZs.

It follows by induction on k that
V3 T(atkb—k) = 2k(a —b+k — D)T(arr—1p-k+1)-

We see that if a — b > 1, then V(lg"g) is an irreducible [-module. In particular, the

l-module W is a direct sum of such modules, for (a,b) as in (1) and (2).
If a—b < 0, then V(f_";’) is reducible. Namely, the above formula implies that

U3 Tpt1,a—1 = 0. It follows that V(I;”"l‘)’) contains Vv(ll?rl,afl) as an irreducible submod-

ule, and the quotient is equal to the finite-dimensional module F'(b, a) with highest
weight (b, a). We are mostly interested in the irreducible case, but as we shall see,
the reducible V(lg‘g’) will also appear along the way.

We now want to describe V(lsvg) ® F(c,c — 2), where F(c,c — 2) is a three-
dimensional [Fmodule with highest weight (c¢,c — 2). The weights of F(c,c — 2)
are (c,c —2), (¢ —1,c—1) and (c — 2,¢). We denote by y(c c—2), Y(c—1,c—1) and
Y(c—2,c) the corresponding weight vectors, normalized so that

U; Y(c,e—2) = Y(e—1,c-1)> U; Y(e—1,c-1) = Y(c—2,¢)-
It follows that
V2 Y(c—2,c) = *4y(c—1,c—1)a V2Y(c—1,c—1) = 74y(c,c—2)'
A short calculation gives

Lemma 1. Assume that a — b > 1, so that V(lao"l‘;) 1s irreducible. Then the lowest

weight vectors of V(la""g) ® F(e,¢ —2) form a three-dimensional space spanned by the
vectors

C1 = Z(a,b) D Y(c—2,c);

C2 = T(at1,0—1) @ Y(e—2,¢) — 2(a = 0)T(ap) @ Y(c—1,c—1)}

€3 = T(at2,6-2) @ Ye—2,0) 4@ —=b+1)T(a11,6-1) @ Y(e—1,c-1)
+8(a —b)(a—b+ 1)T(ap) ® Yc.c2)-

Their weights are (a +c—2,b+¢), (a+c—1,b+c—1) and (a + ¢,b+ ¢ — 2),
respectively. Furthermore, the action of v on V(lg"g) ® F(e,c —2) is injective.

One now checks that for a — b > 3, vectors v% c1, V2 co and cg are linearly inde-
pendent. Combined with injectivity of vs, this immediately implies

Corollary 1. Ifa—b > 3, then
‘/(l;,vl;’) ® F(C’ c— 2) = ‘/‘(1;)1672,b+c) & Vv(lgjrvcfl,b%»cfl) & ‘/v(lgjrvc,bJrcfQ)?

where the lowest weight vectors of the three summands are ¢1, co and cs3.
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Here is a picture of the weight vectors in this simplest case:
2
C3 V2C3 V3C3 ...
Cy Vg Co U%CQ ’U%CQ

C1 Vg C1 U%Cl vgcl ’U%Cl

If a —b = 1, then v3c; = c3, while vy ¢y is linearly independent of c3. We
introduce another vector of weight (a +¢,b+¢—2) = (a +¢,a+ ¢ —3),

C3 = T(a+1,a—2) ® Y(e—1,c-1) — 61‘((1,(1—1) ® Y(c,e—2)- (3)
The choice is such that ¢ is independent of vs ¢2 and ¢z, and v3 €3 = va ;. It follows:

Corollary 2. The module Vo ) © F(e,c—2) is a direct sum of a copy of

(a~,a71
‘/(1(;.)1671 ate—2) and a module Viyyc—1.atc—2)- The lowest weight vector of
V(lffcfl ate—2) is co. The Jordan-Hdolder series of f/(a+c_17a+c_2) 18

% It It
V(a—i—c—l,a—&-c—Q) D) V(;)-vi\-,c—Q,a-&-c—l) 2 V(;—v:c,a-l—c—Zi) 20,

with subquotients ‘/(lglvc’a+673), Fla+c—1,a+c—2) and V(lg"jC’aJrcfS) , respectively.

The lowest weight vectors for these subquotients are the image of ¢3, the image of ¢1
and cs, respectively.

Finally, if a — b = 2, then vs ¢; = ¢2, while vs ¢35 and c3 are linearly independent.
We introduce another vector of weight (a +c¢—1,b+c—1)=(a+c—1,a+c—3),

Gy = T(a,a—2) ® Y(e—1,c-1)-
Then vy ¢z, v2 ¢ and c3 are independent, while v3 ¢ = ¢;. It follows:

Corollary 3. The module V(lci’,";’_Q)®F(c, c¢—2) isadirect sum of a copy ofV(IOW

- a+c,a+c—4)
and a module Vigyc—1,a1c—3)- The lowest weight vector of V(lg_‘fc ato—1) is c3. The
Jordan-Holder series of V(a+0_17a+c_3) is

7 low low

V(a+cfl,a+673) i) Vv(z;)+c72,a+cf2) ) V(aOJrcfl,aJrch) 20,
with subquotients V(lgfcq ate—3)” Fla+c—2,a+c—2) and V(lt‘;fc_l ate—3)r 7€

spectively. The lowest weight vectors for these subquotients are the image of ¢z, the
image of ¢1 and ca, respectively.
4. Describing the [-module W ® §

We now apply the results of Section 3 to W ® S. As we know, W is a direct sum of
the irreducible [-modules V(I;"l‘j’) for (a,b) as in (1) and (2). The corresponding basis
as in Section 3 is

Tashpt = 27TF2E k>0, (4)
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if (a,b) = (n+ 3, —3) for some integer n > 0 and
k k
Tatkb-k =212 " k>0, (5)

if (a,b) = (3, —n — 3) for some integer n > 0, respectively.
We now describe the spin module S = A"u in more detail. Using the formula
(5.7) from [13] for a : [ — C(u @ 1), one gets

a(hy) = —tity — t3ts + 3

a(he) = —Ltsts — tits + 3;

(va) = §t5ty + thio;
(’U;) = —2t>1kt2 — t;t:;.

Q

(07

From this, it is easily calculated that the irreducible [-submodules of S are

/\Ou: F(_gv_g); 1U:F(%,—%); (6)
3 1
/\211 = F(§’_§)3

Moreover, the spin action of vy and v on A'u and A”u is given on the weight
vectors t; and t; A t; by

Vg . tg = 72t2, tg = 7t1, tl = 0,
t2/\t3'—>—t1/\t3, tl/\t3|—>—2t1/\t2, tl /\tz*—>0;
V5 th — 4toy, 9+ 2t3, 13— 0;

t1 ANt — 2ty ANts, t1 Atg i 4dta Ats, to Atz — 0.

So we can pick a basis for A'u = F(¢,c —2) = F(3,—2) normalized as in Section 3
by setting

Ye,e—2 = t17 Ye—1,c—-1 = 4t27 Yec—2,c = 8t3a (7)
and for A'u= F(c,c—2) = F(3,—1) by setting
Ye,e—2 = 1 N tg, Ye—1,e—1 = 2t1 N3, Ye—2,c = 8ta A3, (8)

It is now not difficult to describe the complete decomposition of W ® S as an
[-module. There are a lot of irreducible direct summands of the form Vlko’vrvn for
various integers k£ and m, most of them with multiplicity 2. To list them all, one
would first tensor the V(I(%’) C W with one-dimensional modules /\0 u and /\3 u. In
this way we get

‘/(17(1)1‘]1,72); ‘/(17(1)12,1)7 n =0

for (a,b) = (n+ %,—3), and

‘/(lgvlv,—n—Q); ‘/(léj,vin—i-l)? nz 1
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for (a,b) = (1,-n—1).

. Further components come from tensoring V(lé’vg) CcW,a—b> 3, with /\1 u, which
gives

low . low . low . low . low . low
Vv(nfl,O)’ Vv(n,fl)? Vv(n+1,72)7 Vv(fl,fn)’ Vv(O,fnfl)’ Vv(l,fn72)
for n > 2. Tensoring the same V(l(’jvg) with A% u gives
low ., low . low . low . low . low

Vi Vernes Vere-ns Vosernt VdZe Vietaoy
for n > 2. These are all described in Corollary 1.

We next tensor the V(I;Vg) C W with @ — b = 1, and that is only V(llowil), with

) 20 2
A'u and A% u, which gives
Vet V- Ve Voo

as described in Corollary 2. Finally, we tensor V(lg"l‘)’) C W with a — b = 2, and these

are Vi§* ;) and VI§¥ 4, with Al u to get

3)
Vv(lgo’viz); ‘7(1,71)5 ‘/(lﬁvig); ‘7(0,72),
and with A\’ u to get
Vet Veor  VEtas o Voo,
as described in Corollary 3. All this can be summarized as follows:

Proposition 1. The [-module W & S decomposes into a direct sum of the following
modules:

1. the irreducible lowest weight module V(12°’Vi2) with multiplicity four;

2. the irreducible lowest weight modules ‘/(llgffn) for (k,m) of the form

(n,0) or (0,—n) forn>1; (n,1), (n,—1)(1,—n) or (—1,—n) forn > 2;
(n,—2) or (2,—n) forn >3,

each of them with multiplicity two;
3. the indecomposable but reducible modules
‘7(1,0)7 ‘7(0,71)7 ‘7(2,0)7 and ‘7(0,72)

with multiplicity one, and ‘7(1,—1) with multiplicity two.

The results from this and the previous section in fact contain more information,
including all the irreducible subquotients of the indecomposable reducible modules
that appear, as well as the lowest weight generators for all the modules that appear as
irreducible subquotients of W ®.S. We will however see in the next section that only
a few modules from the above long list have a chance to contribute to cohomology
with respect to any of the operators D(g,[), C(g,1), or C~(g,[). The condition is to
belong to the generalized O-eigenspace of D?. For these modules, we will write out
(and use) all the available information.
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5. Dirac cohomology of W with respect to D(g, )

Before applying the results of Section 4 to find Hp (W) with respect to D = D(g, [),
let us examine which of the modules appearing in Section 4 contribute to the gener-
alized O-eigenspace for D?. We will see that D? acts finitely on every indecomposable
submodule of W®S. Therefore, the following lemma shows that in calculating coho-
mology of D, and also C'= C(g,l) and C~ = C~ (g, [), we can restrict our attention
to the generalized 0-eigenspace for D?.

Lemma 2. Suppose D? acts finitely on an [a-invariant direct summand X of W® S
with only one eigenvalue, A\ # 0. Then X does not contribute to cohomology with
respect to D, C or C~.

Proof. The statement is obvious for D: Ker DN X = 0, since 0 is not an eigenvalue
for D? on X. To prove the statement for C, note that any = € X is annihilated by

(D* = \)" = (=\)" + zn:(_)\)nka%
k=1

for some n. Furthermore, by [9], Remark 2.2, C? = (C~)? = 0. It follows that
D* = ((C+C7 ) =(CC™ +C00O)F = (CC)F + (CO)".

Consequently, if Cz = 0, it follows that

(=N)"z ==Y _(-N)"HCC )k,

k=1

so x is in the image of C' and C has no cohomology on X. Analogously, C~ has no
cohomology on X. O

Note that with our choice of invariant form on g, we have
D? = Casg ®1 — Casy, —9.

Casy = —2h3 — 2h3 4 8hy — 4hy + 2uqut + 2 >, vivy is easily seen to act on W as 5.

Namely,
1 1 1 1
Casg 1= —2(2)% —2(—=)* +8= —4(—=) =5.
asg 1= —2(3)2 — 2(=3)* +85 —4(~3)
Furthermore, Cas;, is a diagonal version of Cas; = —2h? — 2%% +2hy — 2hs + 2uqv3.
So

D? = — Cas(, —4 = A(2h2 + 2h2 — 2Ry + 2hg — 4 — 20503).

We are interested in subrepresentations of W ® S on which D? acts nilpotently.
We saw in Section 4 that W ® S is a direct sum of submodules which are all either
irreducible of the form V(llg’vfn) for some (k,m) € Z2, or of the form Vik,k—1) or Vg k—2)
for some k € Z. On any V(llj";;l), — Cas; —4 can be calculated on the lowest weight
vector, where it is equal to

1
Qoo = 2k% +2m?* — 2k +2m — 4 = 5 ((2k - 12+ (2m + 1)* — 10). (9)
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It follows that for integer values of k£ and m, oy ., is zero precisely for

(k,m) €{(2,0),(2,-1),(=1,0), (=1, -1), (1, 1), (1,-2),(0,1), (0, =2)}.  (10)

If V(lko‘fn) appear as a direct summand in W ® S, then, by Proposition 1, £ and m
must be integers with k£ > m. Therefore the following lemma holds.

Lemma 3. For any V(IOW ) appearing as a direct summand in W ® S, the action of
D? is the scalar oy, ., defined by (9). This scalar is zero precisely when (k,m) equals
(270)} (2, 71)) (]-a *2); or (Oa 72)'

Now examining the list given in Proposition 1 gives

Corollary 4. The irreducible direct summands V10W of W ® S in the generalized
0-eigenspace of D?* are:

1. V( " 1), appearing mV 5)®F(% %) C Wo® S, generated by 22 @t Aty Ats,

andan/(lzo‘:Vl)@F(Q,—z)CWo ® S, generated by cs.

2. V(IfVXQ), appearing in V(IOW 1 ® F( —%) CWo®5S, generated by 22 ®1, and
’ 20

in V(li’w_é) ® F(%7 — ) CWo® S, genemted by co.
27 2
3. V(lgvg), appearing in Vlowié) ® F(g, %) C W1 ®S, generated by zo @t Ntg Ats,

2
and mV( 1)®F(27 3)C W1 ® S, generated by cy.

4. V(0 "4y, appearing in V L1 QF(—2 —%) C W1 ®S, generated by z1 @1, and

in Vlf’wff) ®F(2,—2) C Wi®s, genemted by c1.
2’ 2

On the module ‘7(a+c_1,a+c_2) of Corollary 2, the action of D? is not by a scalar,
or even semisimple. Namely, since the generator é5 of (3) is of weight (a+¢, a+¢—3),
and since

VUi 3 = vicy = cs,
we see that
D263 = aa+c,a+c—363 — 2c3.
On the other hand, on V(lgj’:c_laﬂ_l) - ‘7(a+c_1)a+c_2)7 D? is the scalar agtc—2,q4c—1
which is easily seen to be the same as qg4-c, atc—3-

Similarly, the action of D? on the module V<a+c 1,a+c—3) of Corollary 3 is given

by the scalar agqyc—2 q4c—2 ON V(aJrc 2.a4c-2) C V(aJrc 1,a+c—2), While

2,.. ~
D¢y = Agtc—1,a+c—3C2 — 2¢s.
Since one can check that og4c—2,a4c—2 = Qgtc—1,a+c—3, We get

Lemma 4. The operator D? acts finitely on the modules f/(a+c_17a+c_2) of Corollary
2, and on the modules V(GJFC,L(HC,;;) of Corollary 3. The only eigenvalue of D? on
f/(aﬂ,l,aﬂ,g) I8 Q(aqc,ate—3), and the only eigenvalue of D? on ‘N/(,HC,LGH,?,) 18
Qate—1,a4c—3)- These numbers are defined in (9).



DIRAC OPERATORS ON WEIL REPRESENTATIONS II 419

Using (10), it now follows that the relevant V(a+c La+e—2) are those with (a +
¢,a+ ¢ — 3) equal to (2,—1) or (1,-2), i.e., V(l 0y and Vo ,—1), while the relevant
V(,HC latc—3) are V(2 o) and V(O —2)- These are precisely the indecomposable but
reducible modules from Proposition 1 that appears with multiplicity one. The only
such module appearing with multiplicity two, ‘7(17_1), does not contribute to coho-
mology. So we have

Corollary 5. The indecomposable direct summands f/km of W®.S in the generalized
0-eigenspace of D? are:

1.

V(1 0), appearing in Vlow = F( —%) C Wo®S. Its irreducible subquotients

are two copies of V(12°"i1) one generated by the image of ¢z and the other by
cs, and the two-dimensional module F(1,0) generated by the image of ¢;.

‘7(0,—1)7 appearing in Vé"”ié) ®F(%, —%) C Wo®S. Its irreducible subquotients

are two copies of ‘/(110,‘12), one generated by the image of ¢z and the other by

cs, and the two-dimensional module F(0,—1) generated by the image of c;.

‘7(2 0), appearing in V(loVV 1) ® F(%, —%) C W1 ®S. Its irreducible subquotients
2

are two copies of V(2 0): one generated by the image of ¢o and the other by co,

and the one-dimensional module F(1,1) generated by the image of 1.

. 17(0’,2), appearing in ‘/(low_g) ®F(%, —%) C W1 ®S. Its irreducible subquotients

are two copies of V(lgw 9y, OM€ generated by the image of ¢ and the other by
¢, and the one-dimensional module F(—1,—1) generated by the image of c;.

Combining Corollary 4 and Corollary 5, we see that the irreducible subquotients
of the generalized zero-eigenspace of D? in W ® S are:

1.

V(lzovil), appearing twice as a direct summand as described in Corollary 4 (1),

and twice as a subquotient of ‘7(170) as described in Corollary 5 (1);

. V(lloviw appearing twice as a direct summand as described in Corollary 4 (2),

and twice as a subquotient of ‘7(07_1) as described in Corollary 5 (2);

. V(IQOV(;), appearing twice as a direct summand as described in Corollary 4 (3),

and twice as a subquotient of 17(2’0) as described in Corollary 5 (3);

. V(l(‘)"’iz), appearing twice as a direct summand as described in Corollary 4 (4),

and twice as a subquotient of ‘7(0,,2) as described in Corollary 5 (4);

. The remaining irreducible subquotients F'(1,0), F(0,—1), F(1,1) and F(—

—1), described in Corollary 5 (1)-(4).

Note that cases (1) and (2) correspond to the even Weil representation Wy, the
cases (3) and (4) correspond to the odd Weil representation Wi, and in case (5),
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F(1,0) and F(0,—1) correspond to Wy while F'(1,1) and F(—1,—1) correspond to
Wi.

The easiest case to handle is case (5). Namely, each of these four finite-dimensional
modules appears only once, and so it has to be killed by C', C~ and D, and it can-
not be in the image of any of them. (Namely, none of these operators can act as a
nonzero scalar, since the only possible eigenvalue for each of them is zero.) Hence
each of the four finite-dimensional modules contributes to cohomology with respect
to either of the three operators C, C~ or D. Their generators, each of the form ¢y,
are easy to read off in each case (see the statements of the theorems below).

For cases (1)-(4), we have to see the action of C, C~ and D on the generators of
the four isomorphic modules appearing in each of the cases, and then read off the
cohomology with respect to C', C~ and D from the obtained table.

For case (1), i.e., for the four copies of the module Y/(lé)ﬁl), using (4), (5), (7) and
(4), we see that the generators are

di = 25 @t; Ng Ats;

co = 82329 @ t3 — 2427 @ to;

C3 = 22129 Q11 Nts — 611 Atg;

c3 = 82725 @tg ANtz — 162120 @t Atz + 16 @ty A ty.

Applying the operators
C =02t — 220, Dty + 25 D t3; CT =20t + 20,0t +02 2t5,
we get after a short calculation:

1

Cdy; = 0; Cdy = ZCB;
CCQ = —303; C_CQ = 0;

1
063 = —2d1; 0_63 = 562;

CCg = C_C3 =0.

low

We can now conclude that the four subquotients isomorphic to V(2 " contribute
nothing to cohomology with respect to C' or C~. Furthermore, we see that

1
D: ¢é3+— —2dy + 562 — —2c3 — 0,
while
D(Cg + 12d1) == 0,
and co + 12d; is not in the image of D. So the contribution of the four subquotients

isomorphic to V(lg"il) to cohomology with respect to D is equal to a copy of V(lé”il)
generated by co + 12d; .
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A very similar analysis applies to case (2). The generators of the four copies of

low
Vit are

dy = zf@l;

Cco = 8z1z§’ Rty Nty — 122% ®t1 Ats;

C3 = 42120 Qtyg — 6 R ty;

c3 = 82%25 ®it3 — 322129 Xty + 16 ® t1.

The action of C' and C~ is as follows:

1
Cdl = §03; Cid1 = O,

Cey = 0 C™ca = 3cs;

1
Cég = —502; C_ég = —4d1;
Cecz3 =C ec3=0.

Hence the four subquotients isomorphic to V(llo"iz) contribute nothing to cohomology
with respect to C' or C'~. Since the action of D is

1
D: ¢33 —502—4d1 — —2c3 — 0;

D(CQ - 24d1) = O,

we see that the contribution of the four subquotients isomorphic to V(lf“’iz) to coho-

mology with respect to D is a copy of V(llo"iz) generated by co —24d;. So far we have
proved:

Theorem 1. The cohomology of C on Wy ® S is equal to F(1,0)® F(0,—1), where
the two summands are generated by (the images of ) 1®ta Ats and 1®ts, respectively.
The same is true for the cohomology of C~ on Wy ® S.

The cohomology of D on Wy ® S is

F(la 0) ® F(O7 _1) & ‘/(lé),vil) & Vr(llo,vi2)a

where the first two summands are the same as above, the third summand is generated
by 22%22 Rt — GZ% Rty + 32% Rty Aty Ats, and the fourth summand is generated by
2212§®t2 Nts —32% Rt Nts —62’%@1.

The calculations are completely analogous for the odd Weil representation Wj.
For case (3), the generators are

di = 20 ®1t1 Nty Ats;

cl = 8zi°’®t3;

Co = 221 @ty Nis;

Cy = 8zfzz®t2/\t3—8z1®t1 A t3.
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The action of C' and C'~ on these generators is given by

1

Cdy =0, C dy = 102;
Ccy = —6¢o, C7c =0

1
Céy = 4d,, C™ ¢ = 501;

Cecog = C cp =0.

For the case (4), the generators are

d1 =21 ].,
c1 = 825 @ty Ats;
Co = 422 @ to;

Co = 82123 Rty — 1629 R to.

The action of C' and C'~ on these generators is given by

Cdy = éCQ, C~dy =0;
Cer =0, C™ 1 = bey;
Céy = —%cl, C™¢o = 8dy;
Ccg = C ey =0.

The final result is

Theorem 2. The cohomology of C on W1 ® S is equal to F(1,1) & F(—1,-1),
where the two summands are generated by (the images of ) z1 ® ta Ats and z9 ® ts,
respectively. The same is true for the cohomology of C~ on W1 ® S.

The cohomology of D on W1 ® S is

F(1,1) @ F(=1,-1) @ V55 @ V(g™ o),
where the first two summands are the same as above, the third summand is generated

by 23 @t3+320@t1 AtaAts, and the fourth summand is generated by 23 @taAt3—621 1.

6. Concluding remarks

The results of this note provide counterexamples to generalization of several results
proved in [9] for the case of a compact Levi subalgebra:

1. The Dirac cohomology is not equal to the u-cohomology or the u-homology
up to a modular twist. In fact, the Dirac cohomology is larger than the u-
cohomology or the u-homology, and the latter two are equal to each other.

2. The operators C' and C'~ are not disjoint, i.e., it is possible that CC~z = 0
without C~2 = 0 and also that C~Cy = 0 without C'y = 0. Moreover, the
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images of C' and C'~ actually intersect. In particular, there can be no positive
definite Hermitian form on Wy ® S or on W7 ® S so that C' and C~ are adjoint
to each other with respect to this form.

3. Even though W, and W; are discretely decomposable under [, the operator

D(g, 1)? is not semisimple.

4. Calculating Dirac cohomology in stages fails for t C [ C g. Indeed, one sees

right away that the Dirac cohomology with respect to D(I,t) of the -module
Hp(g,; Wp) is of dimension 6, so it cannot be equal to Hp (g, t; Wy) which was
seen to be 4-dimensional in [13], Proposition 6.1.

Finally, let us note that the part of the Dirac cohomology which does not come

from the cohomology with respect to C' or C~ seems to be related to the “bottom
part” of the decomposition of the [-module W, with some shift.
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