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THE PROPERTIES OF CONVOLUTION TYPE
TRANSFORMS IN WEIGHTED ORLICZ SPACES

YuNUS E. YILDIRIR AND DANIYAL M. ISRAFILOV
Balikesir University, Turkey

ABSTRACT. In the weighted Orlicz spaces a convolution type trans-
form is defined and a relation between this transform and the best ap-
proximation by trigonometric polynomials in the weighted Orlicz spaces is
obtained.

1. INTRODUCTION AND MAIN RESULTS

A convex and continuous function ¢ : [0, 00) — [0, 00) for which ¢(0) = 0,
o(x) > 0 for z > 0, and

hmf@2=Q

z—0 X r—0o0 I

1imM—

is called a Young function. The complementary Young function ¢ of ¢ is
defined by
¥(y) == max {zy — p(z) : v > 0}

for y > 0.

By L,[0,27], 1 < p < o0, we denote the Lebesgue space of 27 periodic
functions f.

Let ¢ be a Young function and v be its complementary Young function.
By L, [0, 27] we denote the Orlicz space of 27 periodic functions f, for which

27

(L1) / o (1 (@)) dx < oo

0
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with the Orlicz norm
2m 2m
171, i=suw{ [ 1r@a@llde s [0l do<1
0 0

or with the Luxemburg norm

27

£l o= nt (k> 05 [t @) do <1
0

These norms make L, [0, 27] a Banach space [3, p. 69]. The Orlicz and Lux-
emburg norms satisfy the inequalities

(1.2) [flly < Wfllp <20 fllpy s f € L [0,27],

and so they are equivalent [3, p. 80]. Furthermore the Orlicz norm can be
determined by means of the Luxemburg norm ([3, pp. 79-80]):

21
1£], = sup / F@)g@)de: gl <1
0

and Holder’s inequalities

27
/If(ﬂf)g(ﬂf)ldﬂf < Al gl
0
27

IN

[1r@gta)do

0

hold for every f € L, [0,27] and g € Ly [0,27] ([3, p. 80)).
For a quasiconvex function ¢, following [2, p. 218] we put

£l gl

Zﬁ = inf {ﬁ (PP s quasiconvex} .
The number p(¢) is called the index of ¢.

A measurable function w : [0,27] — [0, 00] is called a weight function if
the set w1 ({0,00}) has Lebesgue measure zero.

Let w be a weight function. If we write w(z)dx instead of dz in (1.1)
we obtain the weighted Orlicz space L, [0, 27]. The weighted Orlicz norm is
denoted by | f|,, , and the weighted Luxemburg norm is denoted by || f||, . -
These norms make L, [0, 27] a Banach space.
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Let 1 < p <ooand 1/p+1/¢ = 1. A weight function w belongs to the
Muckenhoupt class A, [0, 27] if

1/p 1/q

ﬁ/wp(x)dx ﬁ/w_q(x)dx <C

I I

with a finite constant C' independent of I, where I is any subinterval of [0, 27]
and |I| denotes the length of T.

Let Ly, [0,27] be a weighted Orlicz space and let p(¢) be the index of
@. For f € L, [0,27] we define the operator o by

h

1
(onf) (z,u) ::ﬁ/f(:chtu)dt, O<h<m xzel0,n], —o0o<u<o0.
“h

With respect to [2, Theorem 6.4.4, p. 250], the operator oy, is a bounded linear
operator on L, [0, 27] under the conditions that ¢* is quasiconvex for some
a,0<a<l,and w € Ay, [0,27].

We denote by E,(f)e,.. the best approximation of f € Ly, [0,27] by
trigonometric polynomials of degree not exceeding n, i.e.,

Bu(f)pws = {If = Tull, : T €00 },

where II,, denotes the class of trigonometric polynomials of degree at most n.
Note that the existence of T, € II,, such that

En(f)cp,w = ”f - T;H@,w

follows, for example, from [1, Theorem 1.1, p. 59].

The convolution type transforms play an important role in the many areas
of theoretical and applied mathematics. In particular, these objects are very
useful in the approximation theory for the constructions of the approximating
polynomials. Therefore, it is necessary to study the relation between these
transforms and the best approximations numbers E,(f), . in the weighted
Orlicz spaces L, [0, 27]. In the nonweighted Orlicz spaces these transforms
are constructed by using the usual shift f(z — hu) for a given function f €
L, [0,2r]. But the weighted Orlicz spaces are noninvariant with respect to the
usual shift f(z — hu). Therefore, we define the convolution type transforms
by using the mean value function (o, f)(z,u), defined above.

In the weighted Orlicz space Ly, ., [0, 27] we define

o0

D(f,0,h, @) i /(ahf)(.,u)da(u) . f@) e L, 0.27],

— 00
0w
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where o(u) is a real function of bounded variation on the real axis —oo < u <
0o. It will be assumed that

7 do(u) = 0.

Throughout this paper, the constant ¢ denotes a generic constant, i.e.
a constant whose values can change even between different occurrences in a
chain of inequalities.

The following theorem estimates the quantity D (f,o,h,¢) in terms of
the best trigonometric approximation of the function f in the weighted Orlicz
spaces.

THEOREM 1.1. Let Ly, [0,27] be reflexive, f € Ly, [0,2n], w €
Appy [0,27] and * be quasiconver for some o, 0 < o < 1, such that

(1.3) p(uv) < cp(u)p(v)

with a constant ¢ > 0. Then for every natural number m

m 1/2
(1.4) D (f,o,h,0) <c (ZE;_l(f)w : 5§r,h> + cBym1 (f)pw

r=0

if ¢ (/u) is conver and

(1.5) D(f,o,h,p) < ciﬂ%k_l (1 + chp (kB2 —1(f)pw - 52,.7h)>

r=0
+CE2m+1 (f)go,w

if ¢ (y/u) is concave, where
2rti—1

(1.6) St o= Y |o(h) =6 ((IL+1)h)| + 16 (27h),
1=2r

/ Smwjda(u), 0<h<m.

G (x) —

— 00

In spite of the fact that the condition (1.3) is rather strong, there are
many nontrivial examples of functions satisfying this condition. For example,
the function ¢(z) = log(1+x), x > 0 satisfies this condition (see, also,
[8, pp. 28-34]).

THEOREM 1.2. Let L, [0,27] be reflexive, f € L, (0,271, w €
Appy [0,27] and * be quasiconver for some o, 0 < a < 1 such that

p(uv) < ep(u)p(v)
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with a constant ¢ > 0. Let F(x) be a bounded variation function, i.e.,
gntl_q

IF@)| <er, Y |F(6h) = F((0+1)h)[ <cp, h<27m7

6=2~

If 01 and o2 are the functions satisfying the condition
61(z) = 62(2)F(x), |z| <1
then
(1.7) D (f,01,h,¢) = c[D(f,02,h,0) + Eoms1(f)pu] -

The unweighted versions of these theorems, when the convolution type
transform is defined with respect to the usual shift f(x — hu), instead of
o(hf)(x), were proved in [6].

2. AUXILIARY RESULT

The following Lemma is known as Marcinkiewicz Interpolation Theorem
on quasi-linear operators ([7, p. 193]):

LEMMA 2.1. Suppose that a quasi-linear operator T is simultaneously of
weak types (o, ) and (B, 0) where 1 < o < 8 < 00, u(Q) < oo. If Ly(u) is

reflexive and
(1) o (u)
gt = 0{7}
dt

]

then g :=Tf, f € Ly(u), is defined and satisfies the inequality

/
/

Joandu<k( [opaur).

Q Q
for some K independent of f, where (Q, X, ) is measure space on which Ly(w)
is defined.

LEMMA 2.2. Let Ly, [0, 27] be reflexive, f € Ly . [0,27] ,w € Ap(,y [0, 27] .
Then

0o 1/2 00 1/2
(2.1) c <Z|Au|2> <l fllyw =€ (ZlAMQ)

=1 o, u=1 o,
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with the constants ¢ and C independent of f, where

2K —1

Ay =0z, f) = Z c e”

p=2#1-1
PRrROOF. Let f € L, [0,27] and the series
(o)
(2.2) f(z) ~ Z crett®
k=—o00

be its Fourier series with ¢o = 0. By [4] for f € L, ,[0,27], p > 1, there are
constants F, F' independent of f such that
(2.3)

of ||

Since Ly, , [0, 27] is reflexive, following the proof of [7, Theorem 7, p. 193]
we can find numbers o, 3,a,b with 1 < a < a < b < 3 < oo and a N-function
(1, equivalent to ¢, such that

/rfﬁ+1 = ﬁ{%—(’?)}
[ < {5

On the base of (2.2) we define a quasi-linear operator

~ 1/2
x) = <Z |Au($af)|2>

which is bounded (in particular is of weak type (p,p)) in Ly [0, 27| for every
p > 1 by (2.3). Therefore the hypothesis of Lemma 2.1 fulfills. For du =
w(z)dz in Lemma 2.1, there exists K > 1/2 such that

w(:c)d:c.

ZIAMI

p=1

:E)d:c§2/7r|f(:c)|p d:c<F/
0

0

A

2T

1) [o <§]A|> wlade < K | [o1 (@) wo)de +1

0
If Hf”(«pl,w) =1, then

27

/%(U@mw@MxéL

0
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Hence we get

2m 1 50 1/2 1 27 50 1/2

/901 oK <Z |Au|2> w(z)dz < ﬁ/% (Z |Au|2> w(x)dx
0 p=1 0 p=1

3 | [ lr@ho@an 1) <1

0

IN

and if || f[|,, oy =1, then [[T'f[|,, .,y < 2K. The last inequality implies that

00 1/2
2
<Z|Au| ) S2K [ fll(y.0)
p=1

(¢1,w)

and

I 1/2
(Z |Au|2> <AK | flly, o
pn=1

$1,w

which implies the left hand side of the required result (2.1)

o 1/2
(2.5) (Z IAM|2> <Clfllgw
p=1

0w
Using Hélder’s inequality for f € Ly, [0,27], g € Ly [0,27], (2.5) and
( 1.2) we obtain
2m
[17@g(@) wlz)ds

0
2m

- / S A, )Au(, 9) | w(z)ds < / S 1A A (. g)] ()
0 p=1 0 M= 1
27 - 1/2 1 o 1/2
< > 1Au fﬂ > 1Au(, 9)'2] w(z)dz
0 pn=1 p=1
oo 1/2 oo 1/2
< ZIAM(w,f)IQ] Z|Au(:c,g>|2]
#=1 o || = (%)
<

- 1/2
Z |A,,(z, f)|2] ||9||(w,w) :
p=1

0w
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Now taking supremum in the last inequality for all functions g € Ly, [0, 27]
satisfying [|g/ ) < 1, we find

o 1/2
||f||<p,o.) S c <Z |AH|2>

=1
K oW

and the proof of Lemma 2.2 is established. O

LEMMA 2.3. Let fp(z) (n =1,2,...) be a sequence of 2w periodic functions
in a reflexive Orlicz space Ly ., [0,27], w € Ay [0,27], and let Sy, () be
the k-th partial sum of Fourier series of the function f,(x), k = k, is a
function of n. Then

[e%e] 1/2 [e%e]
(Z |k (x>|2> <C (Z |fn<:c>|2>

with a constant C' is independent of fn(x).

1/2

0w

ProOOF. For

. 1/2
fla):= <Z Ifn($)|2>

we define the quasilinear operator

~ 1/2
Tf(z):= (Z Sn (x)l2> ,

which is bounded (in particular is of weak type (p,p)) in L,[0, 27] for every
p > 1 by [5] (see, also, [9] and [11, p. 225]). Now, the required inequality is
obtained by applying Lemma 2.1 and by repeating afterwards step by step
the proof of the left hand side of Lemma 2.2. O

LEMMA 2.4. Let w € Ap, [0,27] and Ao, A1, ... be a sequence of numbers
such that
21 _q
(2.6) N SM, > A=Al <M (1=0,1,2,.).
=21
Then the series apho/2+Y o v (@ cosva + by sinvz) , where a,, b, are the
Fourier coefficients of a function f € Ly, [0,27], is a Fourier series of some
function h € L, [0,27] and the following inequality is valid:
27 2
1) [etn@nets < ¢ [o(s@) i
0

0
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PrROOF. We let A, ; := Zi:w,l A, (x), Ay(x) := a,cosve + b, sinva
(s>2v"hp=1,2), Al := 212;5;1—1 Ay A, (). Then, as in [10, p. 347], we
obtain

28 1

2
‘AH <2M ( Z |Au,5|2 [As = Asp1] + |Au|2 |)\2u|> )

s=2+—1

Hence, according to Lemma 2.3 and (2.6)

2 50 1/2
/go (Z |AH2> w(z)dx
0 n=1

27 oo 2 —1 1/2
< [ {2an® (Z < S 18P = A+ 1AL M)) w(a)da
0 p=1 \s=2~n-1
2m oo 21 1/2
§C’/<p (2M) 1/2 <Z ( Z [As — Asq1] + |>\2u|>> w(z)dx
=1 s=2#1—1
<C’ cp 2M (Z ) w(z)dz.
The inequality (2.7) follows from Lemma 2.3. O

3. PROOFS OF MAIN RESULTS

PROOF OF THEOREM 1.1. Let f € L, [0,27] and Sym+1 be the partial
sum of its Fourier series and h < 2=™~!. By virtue of the definition of the

number D (f, o, h, ) and the properties of the norm we have

D(fiohy) = / (onf) (2)do(u)
< / (1) (2) = (o Spmst) ()] dor(u)
—+ /(0h52m+1)(x)da(u)

oo o
Using [2, Theorem 6.7.1, p. 278], we get
(3.1) £ (@) = Su(f, 2)lly 0 < (@) En(f)epw-
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Considering the properties of o(u) and (3.1), we have
o0
(32) D(f,0.h,p) < / (onSom+1) (z)do(u)||  +c(p,0) Exmer (f)p,0-

— 00
oW

Without loss of generality we suppose that Fourier series of f(z) is

icrei” = iAT ().
r=1 r=1

Then
00 00 1 h
(33) /(0h52m+1)(x)da(u):/ %/ngﬂ(ertu)dt do(u)
—00 —00 —h
0o 1 h2m+171
_ il ir(z+tu)
/ o Z cre dt | do(u)
— 00 h =
[e%S) 1 gm+1_q h
= / o creirx/eirt“dt do(u)
o r=1 “n
2mt 1 o eirhu _ g—irhu 2mtt 1
= Ar(z)/wda(u): > An(@)5(rh).
r=1 o r=1
Therefore
omtl_q
(3.4) D(f,oh,0) < || > Ac@)o(rh)||  + cByner (f)pw-
r=1 0w
From Lemma 2.2 and (1.2), we obtain
omtl_q m |27t —1 2\ /2
ST A@otrh)|| <D0 D] Ax)e(in)
r=1 r=0| [=27
©,w
©Y,w
1/2
m |27 -1 2
<20[ D] D0 A)a(in)
r=0| =27
()

27

m 1/2
=2Cinf | k> 0: /cp k! (ZA%U> w(x)dx <1,
r=0

0
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where
ortl_q

Argi= > Ax)s(lh).
=27

Let ¢ (y/u) be convex and let’s define ¥(u) := ¢ (y/u). By virtue of the
properties of the norm

omtl_q
Z A (z)6(rh)
r=1
©,w
2m m
< 2Cinf (k>0: /‘Il (k_2ZAio> w(z)dr <1
0 r=0
2 m
< 2Cinf [tY/2>0: /‘Il (t_l (ZAf(,)) w(z)de <1
0 r=0
m 1/2 m 1/2
<y oo (Slatl )
r=0 (T,w) r=0 ’

m 1/2
2
2 (zm,,gm,w)) |
r=0

because
2
= inf |k>0: /\II (k7'A2,)) w(z)de < 1

0
2

= inf|k>0: /(p (k_l/QAm,) w(z)dr <1

0
2

= inf(?>0: /gp (tilAm,) w(z)dx <1
0

1870l o .

2
= HAT,GH(%W) :
Applying the Abel transform to A, , we obtain

Ao = 3 [S.2) — Sy (foa)] [6(1h) — 6((1+ 1))
=2r
+ [Sor+1_1(f, ) — Sor_1(f, )] 6(2"h).
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From (3.1) and (1.2)

21

Bl < S0 ISif2) = Sors a(£o2) 0y [6(00) — (L + 1))

I=2r
S (1) — S () 1627
< By 1(f)pwlor -

Then
om+1_q m 1/2
S A@etrh)|  <e (ZE%-_l(f)@,w - 657-,h> .
r=1 r=0

X

This inequality yields (1.4) by (3.4).
Let ¢ (v/u) be concave. By Lemma 2.2 and [3, Theorem 10.5, p. 92],

2mtl ]
Z A (z)6(rh)
r=1
©,w
. o\ 1/2
= C|[ D] D] Alx)a(n)
r=0| (=27
W
27 m |or+i_q 2 1/2
_ . 1 A
= C]ir;%k: 1+/g0 k Z Z Aj(z)a(lh) w(z)dx
o r=0| 1=2"
o m 1/2
< . —1 2A2
< Cér;fok 1+/50 ((Zk AT,U> )w(z)dz) .
0 r=0
Since ¢ (v/u) is concave
om+1_q m 2
~ < i —1 .
z_:l Ap(@)o(rh)|| < infk (1+ZO / © (kAm,)w(:c)d:c)
r= ow r=0",

Using the proof of [3, Lemma 9.2, p. 74], it is easily seen that

_ul®@) | da
/S”[nu(xm,w] (=1
0
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By this inequality and (1.3)
2m 2m

Ao
/90 (k/’Ar,U)w(I)da? = C/‘P (W) ¥ (k ||AT,O'||<p,w) W(I)da?
o 7,0l w

0
< oo (Al

Consequently, we obtain

S (Ua h7 ()0) < Clg;%k_l (1 + ZCQD (kEQT—l(f)tp,w(SQT,h)) :

r=0
This yields (1.5) by (3.4). O

PrROOF OF THEOREM 1.2. Since f € L, [0,2n] from the properties of
the norm and (3.1)

o

35)  D(fonh ) < / (0hSpmss) ()dor ()] + cBamos (fpo-

— 00

oW

Using the properties of the function F(z) = 61(z) (62(x)) ", (3.3), Lemma
2.4 and [2, Theorem 6.7.1, p. 278] we obtain

e e] om+1_q
/ (0nSam+r) (2)dor ()| = D cpe™6a(rh)F(rh)
r=1
- w,w p,w
om+1_q . o]
<cl| Y eeoa(rh)|  =c / (0hSom+1) (x)doo ()
r=1 0w o ow
[ee]
<c| [ onsi@)doau
Lo »
This yields (1.7) by (3.5). O
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