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Abstract. In the weighted Orlicz spaces a convolution type trans-
form is defined and a relation between this transform and the best ap-
proximation by trigonometric polynomials in the weighted Orlicz spaces is
obtained.

1. Introduction and main results

A convex and continuous function ϕ : [0,∞) → [0,∞) for which ϕ(0) = 0,
ϕ(x) > 0 for x > 0, and

lim
x→0

ϕ(x)

x
= 0, lim

x→∞

ϕ(x)

x
= ∞

is called a Young function. The complementary Young function ψ of ϕ is
defined by

ψ(y) := max {xy − ϕ(x) : x ≥ 0}
for y ≥ 0.

By Lp[0, 2π], 1 ≤ p ≤ ∞, we denote the Lebesgue space of 2π periodic
functions f.

Let ϕ be a Young function and ψ be its complementary Young function.
By Lϕ [0, 2π] we denote the Orlicz space of 2π periodic functions f, for which

(1.1)

2π
∫

0

ϕ [|f(x)|] dx <∞
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with the Orlicz norm

‖f‖ϕ := sup







2π
∫

0

|f(x)g(x)| dx :

2π
∫

0

ψ [|g(x)|] dx ≤ 1







or with the Luxemburg norm

‖f‖(ϕ) := inf



k > 0 :

2π
∫

0

ϕ
[

k−1 |f(x)|
]

dx ≤ 1



 .

These norms make Lϕ [0, 2π] a Banach space [3, p. 69]. The Orlicz and Lux-
emburg norms satisfy the inequalities

(1.2) ‖f‖(ϕ) ≤ ‖f‖ϕ ≤ 2 ‖f‖(ϕ) , f ∈ Lϕ [0, 2π] ,

and so they are equivalent [3, p. 80]. Furthermore the Orlicz norm can be
determined by means of the Luxemburg norm ([3, pp. 79-80]):

‖f‖ϕ := sup







2π
∫

0

|f(x)g(x)| dx : ‖g‖(ϕ) ≤ 1







and Hölder’s inequalities

2π
∫

0

|f(x)g(x)| dx ≤ ‖f‖ϕ ‖g‖(ψ) ,

2π
∫

0

|f(x)g(x)| dx ≤ ‖f‖(ϕ) ‖g‖ψ

hold for every f ∈ Lϕ [0, 2π] and g ∈ Lψ [0, 2π] ([3, p. 80]).
For a quasiconvex function φ, following [2, p. 218] we put

1

p(φ)
:= inf

{

β : φβ is quasiconvex
}

.

The number p(φ) is called the index of φ.
A measurable function ω : [0, 2π] → [0,∞] is called a weight function if

the set ω−1 ({0,∞}) has Lebesgue measure zero.
Let ω be a weight function. If we write ω(x)dx instead of dx in (1.1)

we obtain the weighted Orlicz space Lϕ,ω [0, 2π]. The weighted Orlicz norm is
denoted by ‖f‖ϕ,ω and the weighted Luxemburg norm is denoted by ‖f‖(ϕ,ω) .

These norms make Lϕ,ω [0, 2π] a Banach space.
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Let 1 < p < ∞ and 1/p+ 1/q = 1. A weight function ω belongs to the
Muckenhoupt class Ap [0, 2π] if





1

|I|

∫

I

ωp(x)dx





1/p



1

|I|

∫

I

ω−q(x)dx





1/q

≤ C

with a finite constant C independent of I, where I is any subinterval of [0, 2π]
and |I| denotes the length of I.

Let Lϕ,ω [0, 2π] be a weighted Orlicz space and let p(ϕ) be the index of
ϕ. For f ∈ Lϕ,ω [0, 2π] we define the operator σh by

(σhf) (x, u) :=
1

2h

h
∫

−h

f(x+ tu)dt, 0 < h < π, x ∈ [0, π] , −∞ < u <∞.

With respect to [2, Theorem 6.4.4, p. 250], the operator σh is a bounded linear
operator on Lϕ,ω [0, 2π] under the conditions that ϕα is quasiconvex for some
α, 0 < α < 1, and ω ∈ Ap(ϕ) [0, 2π] .

We denote by En(f)ϕ,ω the best approximation of f ∈ Lϕ,ω [0, 2π] by
trigonometric polynomials of degree not exceeding n, i.e.,

En(f)ϕ,ω = inf
{

‖f − Tn‖ϕ,ω : Tn ∈ Πn

}

,

where Πn denotes the class of trigonometric polynomials of degree at most n.
Note that the existence of T ∗

n ∈ Πn such that

En(f)ϕ,ω = ‖f − T ∗

n‖ϕ,ω
follows, for example, from [1, Theorem 1.1, p. 59].

The convolution type transforms play an important role in the many areas
of theoretical and applied mathematics. In particular, these objects are very
useful in the approximation theory for the constructions of the approximating
polynomials. Therefore, it is necessary to study the relation between these
transforms and the best approximations numbers En(f)ϕ,ω in the weighted
Orlicz spaces Lϕ,ω [0, 2π]. In the nonweighted Orlicz spaces these transforms
are constructed by using the usual shift f(x − hu) for a given function f ∈
Lϕ [0, 2π]. But the weighted Orlicz spaces are noninvariant with respect to the
usual shift f(x − hu). Therefore, we define the convolution type transforms
by using the mean value function (σhf)(x, u), defined above.

In the weighted Orlicz space Lϕ,ω [0, 2π] we define

D (f, σ, h, ϕ) :=

∥

∥

∥

∥

∥

∥

∞
∫

−∞

(σhf) (., u)dσ(u)

∥

∥

∥

∥

∥

∥

ϕ,ω

, f(x) ∈ Lϕ,ω [0, 2π] ,
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where σ(u) is a real function of bounded variation on the real axis −∞ < u <
∞. It will be assumed that

∞
∫

−∞

dσ(u) = 0.

Throughout this paper, the constant c denotes a generic constant, i.e.
a constant whose values can change even between different occurrences in a
chain of inequalities.

The following theorem estimates the quantity D (f, σ, h, ϕ) in terms of
the best trigonometric approximation of the function f in the weighted Orlicz
spaces.

Theorem 1.1. Let Lϕ,ω [0, 2π] be reflexive, f ∈ Lϕ,ω [0, 2π] , ω ∈
Ap(ϕ) [0, 2π] and ϕα be quasiconvex for some α, 0 < α < 1, such that

(1.3) ϕ(uv) ≤ cϕ(u)ϕ(v)

with a constant c > 0. Then for every natural number m

(1.4) D (f, σ, h, ϕ) ≤ c

(

m
∑

r=0

E2
2r−1(f)ϕ,ω · δ22r,h

)1/2

+ cE2m+1(f)ϕ,ω

if ϕ (
√
u) is convex and

D (f, σ, h, ϕ) ≤ c inf
k>0

k−1

(

1 +

m
∑

r=0

cϕ (kE2r−1(f)ϕ,ω · δ2r ,h)

)

(1.5)

+cE2m+1(f)ϕ,ω

if ϕ (
√
u) is concave, where

δ2r,h : =

2r+1
−1

∑

l=2r

|σ̂ (lh) − σ̂ ((l + 1)h)| + |σ̂ (2rh)| ,(1.6)

σ̂ (x) : =

∞
∫

−∞

sinux

ux
dσ(u), 0 < h ≤ π.

In spite of the fact that the condition (1.3) is rather strong, there are
many nontrivial examples of functions satisfying this condition. For example,
the function ϕ(x) = log (1 + x) , x > 0 satisfies this condition (see, also,
[8, pp. 28-34]).

Theorem 1.2. Let Lϕ,ω [0, 2π] be reflexive, f ∈ Lϕ,ω [0, 2π] , ω ∈
Ap(ϕ) [0, 2π] and ϕα be quasiconvex for some α, 0 < α < 1 such that

ϕ(uv) ≤ cϕ(u)ϕ(v)
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with a constant c > 0. Let F (x) be a bounded variation function, i.e.,

‖F (x)‖ ≤ c1,

2µ+1
−1

∑

θ=2µ

|F (θh) − F ((θ + 1)h)| ≤ c2, h ≤ 2−m−1.

If σ1 and σ2 are the functions satisfying the condition

σ̂1(x) = σ̂2(x)F (x), |x| < 1

then

(1.7) D (f, σ1, h, ϕ) = c [D (f, σ2, h, ϕ) + E2m+1(f)ϕ,ω] .

The unweighted versions of these theorems, when the convolution type
transform is defined with respect to the usual shift f(x − hu), instead of
σ(hf)(x), were proved in [6].

2. Auxiliary result

The following Lemma is known as Marcinkiewicz Interpolation Theorem
on quasi-linear operators ([7, p. 193]):

Lemma 2.1. Suppose that a quasi-linear operator T is simultaneously of

weak types (α, α) and (β, β) where 1 ≤ α < β < ∞, µ(Ω) < ∞. If Lφ(µ) is

reflexive and

∞
∫

u

φ(t)

tβ+1
dt = O

{

φ(u)

uβ

}

,

u
∫

0

φ(t)

tα+1
dt = O

{

φ(u)

uα

}

,

then g := Tf , f ∈ Lφ(µ), is defined and satisfies the inequality

∫

Ω

φ (Tf)dµ ≤ K





∫

Ω

φ (f) dµ+ 1



 ,

for some K independent of f, where (Ω,Σ, µ) is measure space on which Lφ(µ)
is defined.

Lemma 2.2. Let Lϕ,ω [0, 2π] be reflexive, f ∈Lϕ,ω [0, 2π] , ω ∈Ap(ϕ) [0, 2π] .
Then

(2.1) c

∥

∥

∥

∥

∥

∥

(

∞
∑

µ=1

|∆µ|2
)1/2

∥

∥

∥

∥

∥

∥

ϕ,ω

≤ ‖f‖ϕ,ω ≤ C

∥

∥

∥

∥

∥

∥

(

∞
∑

µ=1

|∆µ|2
)1/2

∥

∥

∥

∥

∥

∥

ϕ,ω
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with the constants c and C independent of f , where

∆µ := ∆µ(x, f) :=
2µ

−1
∑

ν=2µ−1

cνe
iνx.

Proof. Let f ∈ Lϕ,ω [0, 2π] and the series

(2.2) f(x) ∼
∞
∑

k=−∞

cke
ikx

be its Fourier series with c0 = 0. By [4] for f ∈ Lp,ω[0, 2π], p > 1, there are
constants E, F independent of f such that
(2.3)

E

2π
∫

0

∣

∣

∣

∣

∣

∞
∑

µ=1

|∆µ|2
∣

∣

∣

∣

∣

p/2

ω(x)dx ≤
2π
∫

0

|f(x)|p ω(x)dx ≤ F

2π
∫

0

∣

∣

∣

∣

∣

∞
∑

µ=1

|∆µ|2
∣

∣

∣

∣

∣

p/2

ω(x)dx.

Since Lϕ,ω [0, 2π] is reflexive, following the proof of [7, Theorem 7, p. 193]
we can find numbers α, β, a, b with 1 < α < a < b < β <∞ and a N -function
ϕ1, equivalent to ϕ, such that

∞
∫

u

ϕ1(t)

tβ+1
dt ≤ 1

β − b

{

ϕ1(u)

uβ

}

,

u
∫

0

ϕ1(t)

tα+1
dt ≤ 1

a− α

{

ϕ1(u)

uα

}

.

On the base of (2.2) we define a quasi-linear operator

Tf(x) :=

(

∞
∑

µ=1

|∆µ(x, f)|2
)1/2

which is bounded (in particular is of weak type (p, p)) in Lp,ω[0, 2π] for every
p > 1 by (2.3). Therefore the hypothesis of Lemma 2.1 fulfills. For dµ =
ω(x)dx in Lemma 2.1, there exists K > 1/2 such that

(2.4)

2π
∫

0

ϕ1





(

∞
∑

µ=1

|∆µ|2
)1/2



ω(x)dx ≤ K





2π
∫

0

ϕ1 (|f(x)|)ω(x)dx + 1



 .

If ‖f‖(ϕ1,ω) = 1, then

2π
∫

0

ϕ1 (|f(x)|)ω(x)dx ≤ 1.
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Hence we get

2π
∫

0

ϕ1





1

2K

(

∞
∑

µ=1

|∆µ|2
)1/2



ω(x)dx ≤ 1

2K

2π
∫

0

ϕ1





(

∞
∑

µ=1

|∆µ|2
)1/2



ω(x)dx

≤ 1

2





2π
∫

0

ϕ1 (|f(x)|)ω(x)dx + 1



 ≤ 1

and if ‖f‖(ϕ1,ω) = 1, then ‖Tf‖(ϕ1,ω) ≤ 2K. The last inequality implies that
∥

∥

∥

∥

∥

∥

(

∞
∑

µ=1

|∆µ|2
)1/2

∥

∥

∥

∥

∥

∥

(ϕ1,ω)

≤ 2K ‖f‖(ϕ1,ω)

and
∥

∥

∥

∥

∥

∥

(

∞
∑

µ=1

|∆µ|2
)1/2

∥

∥

∥

∥

∥

∥

ϕ1,ω

≤ 4K ‖f‖ϕ1,ω

which implies the left hand side of the required result (2.1)

(2.5)

∥

∥

∥

∥

∥

∥

(

∞
∑

µ=1

|∆µ|2
)1/2

∥

∥

∥

∥

∥

∥

ϕ,ω

≤ C ‖f‖ϕ,ω .

Using Hölder’s inequality for f ∈ Lϕ,ω [0, 2π] , g ∈ Lψ,ω [0, 2π] , (2.5) and
( 1.2) we obtain

2π
∫

0

|f(x)g(x)|ω(x)dx

=

2π
∫

0

∣

∣

∣

∣

∣

∞
∑

µ=1

∆µ(x, f)∆µ(x, g)

∣

∣

∣

∣

∣

ω(x)dx ≤
2π
∫

0

∞
∑

µ=1

|∆µ(x, f)∆µ(x, g)|ω(x)dx

≤
2π
∫

0

[

∞
∑

µ=1

|∆µ(x, f)|2
]1/2 [

∞
∑

µ=1

|∆µ(x, g)|2
]1/2

ω(x)dx

≤

∥

∥

∥

∥

∥

∥

[

∞
∑

µ=1

|∆µ(x, f)|2
]1/2

∥

∥

∥

∥

∥

∥

ϕ,ω

∥

∥

∥

∥

∥

∥

[

∞
∑

µ=1

|∆µ(x, g)|2
]1/2

∥

∥

∥

∥

∥

∥

(ψ,ω)

≤ 2c

∥

∥

∥

∥

∥

∥

[

∞
∑

µ=1

|∆µ(x, f)|2
]1/2

∥

∥

∥

∥

∥

∥

ϕ,ω

‖g‖(ψ,ω) .
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Now taking supremum in the last inequality for all functions g ∈ Lψ,ω [0, 2π]
satisfying ‖g‖(ψ,ω) ≤ 1, we find

‖f‖ϕ,ω ≤ C

∥

∥

∥

∥

∥

∥

(

∞
∑

µ=1

|∆µ|2
)1/2

∥

∥

∥

∥

∥

∥

ϕ,ω

and the proof of Lemma 2.2 is established.

Lemma 2.3. Let fn(x) (n = 1, 2, ...) be a sequence of 2π periodic functions

in a reflexive Orlicz space Lϕ,ω [0, 2π] , ω ∈ Ap(ϕ) [0, 2π] , and let Sn,kn
(x) be

the k-th partial sum of Fourier series of the function fn(x), k = kn is a

function of n. Then
∥

∥

∥

∥

∥

∥

(

∞
∑

n=1

|Sn,kn
(x)|2

)1/2
∥

∥

∥

∥

∥

∥

ϕ,ω

≤ C

∥

∥

∥

∥

∥

∥

(

∞
∑

n=1

|fn(x)|2
)1/2

∥

∥

∥

∥

∥

∥

ϕ,ω

with a constant C is independent of fn(x).

Proof. For

f(x) :=

(

∞
∑

n=1

|fn(x)|2
)1/2

we define the quasilinear operator

Tf(x) :=

(

∞
∑

n=1

|Sn,kn
(x)|2

)1/2

,

which is bounded (in particular is of weak type (p, p)) in Lp[0, 2π] for every
p > 1 by [5] (see, also, [9] and [11, p. 225]). Now, the required inequality is
obtained by applying Lemma 2.1 and by repeating afterwards step by step
the proof of the left hand side of Lemma 2.2.

Lemma 2.4. Let ω ∈ Ap(ϕ) [0, 2π] and λ0, λ1, ... be a sequence of numbers

such that

(2.6) |λl| ≤M,

2l+1
−1

∑

ν=2l

|λν − λν+1| ≤M (l = 0, 1, 2, ...) .

Then the series a0λ0/2+
∑

∞

ν=0 λν (aν cos νx+ bν sin νx) , where aν , bν are the

Fourier coefficients of a function f ∈ Lϕ,ω [0, 2π] , is a Fourier series of some

function h ∈ Lϕ,ω [0, 2π] and the following inequality is valid:

(2.7)

2π
∫

0

ϕ (|h(x)|)ω(x)dx ≤ C

2π
∫

0

ϕ (|f(x)|)ω(x)dx.
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Proof. We let ∆µ,s :=
∑s
ν=2µ−1 Aν(x), Aν(x) := aν cos νx + bν sin νx

(

s ≥ 2µ−1;µ = 1, 2, ...
)

, ∆′

µ :=
∑2µ

−1
ν=2µ−1 λνAν(x). Then, as in [10, p. 347], we

obtain

∣

∣∆′

µ

∣

∣

2 ≤ 2M

(

2µ
−1
∑

s=2µ−1

|∆µ,s|2 |λs − λs+1| + |∆µ|2 |λ2µ |
)

.

Hence, according to Lemma 2.3 and (2.6)

2π
∫

0

ϕ





(

∞
∑

µ=1

∣

∣∆′

µ

∣

∣

2

)1/2


ω(x)dx

≤
2π
∫

0

ϕ



(2M)1/2

(

∞
∑

µ=1

(

2µ
−1
∑

s=2µ−1

|∆µ,s|2 |λs − λs+1| + |∆µ|2 |λ2µ |
))1/2



ω(x)dx

≤C
2π
∫

0

ϕ



(2M)
1/2

(

∞
∑

µ=1

|∆µ|2
(

2µ
−1
∑

s=2µ−1

|λs − λs+1| + |λ2µ |
))1/2



ω(x)dx

≤C
2π
∫

0

ϕ



2M

(

∞
∑

µ=1

|∆µ|2
)1/2



ω(x)dx.

The inequality (2.7) follows from Lemma 2.3.

3. Proofs of main results

Proof of Theorem 1.1. Let f ∈ Lϕ,ω [0, 2π] and S2m+1 be the partial
sum of its Fourier series and h ≤ 2−m−1. By virtue of the definition of the
number D (f, σ, h, ϕ) and the properties of the norm we have

D (f, σ, h, ϕ) =

∥

∥

∥

∥

∥

∥

∞
∫

−∞

(σhf) (x)dσ(u)

∥

∥

∥

∥

∥

∥

ϕ,ω

≤

∥

∥

∥

∥

∥

∥

∞
∫

−∞

[(σhf) (x) − (σhS2m+1) (x)] dσ(u)

∥

∥

∥

∥

∥

∥

ϕ,ω

+

∥

∥

∥

∥

∥

∥

∞
∫

−∞

(σhS2m+1) (x)dσ(u)

∥

∥

∥

∥

∥

∥

ϕ,ω

.

Using [2, Theorem 6.7.1, p. 278], we get

(3.1) ‖f(x) − Sn(f, x)‖ϕ,ω ≤ c(ϕ)En(f)ϕ,ω.
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Considering the properties of σ(u) and (3.1), we have

(3.2) D (f, σ, h, ϕ) ≤

∥

∥

∥

∥

∥

∥

∞
∫

−∞

(σhS2m+1) (x)dσ(u)

∥

∥

∥

∥

∥

∥

ϕ,ω

+ c (ϕ, σ)E2m+1(f)ϕ,ω.

Without loss of generality we suppose that Fourier series of f(x) is

∞
∑

r=1

cre
irx =

∞
∑

r=1

Ar(x).

Then
∞
∫

−∞

(σhS2m+1) (x)dσ(u) =

∞
∫

−∞





1

2h

h
∫

−h

S2m+1(x + tu)dt



 dσ(u)(3.3)

=

∞
∫

−∞





1

2h

h
∫

−h

2m+1
−1

∑

r=1

cre
ir(x+tu)dt



 dσ(u)

=

∞
∫

−∞





1

2h

2m+1
−1

∑

r=1

cre
irx

h
∫

−h

eirtudt



 dσ(u)

=

2m+1
−1

∑

r=1

Ar(x)

∞
∫

−∞

eirhu − e−irhu

2irhu
dσ(u) =

2m+1
−1

∑

r=1

Ar(x)σ̂(rh).

Therefore

(3.4) D (f, σ, h, ϕ) ≤

∥

∥

∥

∥

∥

∥

2m+1
−1

∑

r=1

Ar(x)σ̂(rh)

∥

∥

∥

∥

∥

∥

ϕ,ω

+ cE2m+1(f)ϕ,ω.

From Lemma 2.2 and (1.2), we obtain

∥

∥

∥

∥

∥

∥

2m+1
−1

∑

r=1

Ar(x)σ̂(rh)

∥

∥

∥

∥

∥

∥

ϕ,ω

≤ C

∥

∥

∥

∥

∥

∥

∥

∥







m
∑

r=0

∣

∣

∣

∣

∣

∣

2r+1
−1

∑

l=2r

Al(x)σ̂(lh)

∣

∣

∣

∣

∣

∣

2






1/2
∥

∥

∥

∥

∥

∥

∥

∥

ϕ,ω

≤ 2C

∥

∥

∥

∥

∥

∥

∥

∥







m
∑

r=0

∣

∣

∣

∣

∣

∣

2r+1
−1

∑

l=2r

Al(x)σ̂(lh)

∣

∣

∣

∣

∣

∣

2






1/2
∥

∥

∥

∥

∥

∥

∥

∥

(ϕ,ω)

= 2C inf



k > 0 :

2π
∫

0

ϕ



k−1

(

m
∑

r=0

∆2
r,σ

)1/2


ω(x)dx ≤ 1



 ,
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where

∆r,σ :=

2r+1
−1

∑

l=2r

Al(x)σ̂(lh).

Let ϕ (
√
u) be convex and let’s define Ψ(u) := ϕ (

√
u) . By virtue of the

properties of the norm
∥

∥

∥

∥

∥

∥

2m+1
−1

∑

r=1

Ar(x)σ̂(rh)

∥

∥

∥

∥

∥

∥

ϕ,ω

≤ 2C inf



k > 0 :

2π
∫

0

Ψ

(

k−2
m
∑

r=0

∆2
r,σ

)

ω(x)dx ≤ 1





≤ 2C inf



t1/2 > 0 :

2π
∫

0

Ψ

(

t−1

(

m
∑

r=0

∆2
r,σ

))

ω(x)dx ≤ 1





≤ 2C

∥

∥

∥

∥

∥

m
∑

r=0

∆2
r,σ

∥

∥

∥

∥

∥

1/2

(Ψ,ω)

≤ 2C

(

m
∑

r=0

∥

∥∆2
r,σ

∥

∥

(Ψ,ω)

)1/2

= 2C

(

m
∑

r=0

‖∆r,σ‖2
(ϕ,ω)

)1/2

,

because

∥

∥∆2
r,σ

∥

∥

(Ψ,ω)
= inf



k > 0 :

2π
∫

0

Ψ
(

k−1∆2
r,σ

)

ω(x)dx ≤ 1





= inf



k > 0 :

2π
∫

0

ϕ
(

k−1/2∆r,σ

)

ω(x)dx ≤ 1





= inf



t2 > 0 :

2π
∫

0

ϕ
(

t−1∆r,σ

)

ω(x)dx ≤ 1





= ‖∆r,σ‖2
(ϕ,ω) .

Applying the Abel transform to ∆r,σ, we obtain

∆r,σ =
2r+1

−1
∑

l=2r

[Sl(f, x) − S2r+1
−1(f, x)] [σ̂(lh) − σ̂((l + 1)h)]

+ [S2r+1
−1(f, x) − S2r−1(f, x)] σ̂(2rh).
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From (3.1) and (1.2)

‖∆r,σ‖(ϕ,ω) ≤
2r+1

−1
∑

l=2r

‖Sl(f, x) − S2r+1−1(f, x)‖(ϕ,ω) |σ̂(lh) − σ̂((l + 1)h)|

+ ‖S2r+1
−1(f, x) − S2r−1(f, x)‖(ϕ,ω) |σ̂(2rh)|

≤ cE2r−1(f)ϕ,ωδ2r ,h.

Then
∥

∥

∥

∥

∥

∥

2m+1
−1

∑

r=1

Ar(x)σ̂(rh)

∥

∥

∥

∥

∥

∥

ϕ,ω

≤ c

(

m
∑

r=0

E2
2r

−1(f)ϕ,ω · δ22r ,h

)1/2

.

This inequality yields (1.4) by (3.4).
Let ϕ (

√
u) be concave. By Lemma 2.2 and [3, Theorem 10.5, p. 92],

∥

∥

∥

∥

∥

∥

2m+1
−1

∑

r=1

Ar(x)σ̂(rh)

∥

∥

∥

∥

∥

∥

ϕ,ω

= C

∥

∥

∥

∥

∥

∥

∥

∥







m
∑

r=0

∣

∣

∣

∣

∣

∣

2r+1
−1

∑

l=2r

Al(x)σ̂(lh)

∣

∣

∣

∣

∣

∣

2






1/2
∥

∥

∥

∥

∥

∥

∥

∥

ϕ,ω

= C inf
k>0

k−1









1 +

2π
∫

0

ϕ









k







m
∑

r=0

∣

∣

∣

∣

∣

∣

2r+1
−1

∑

l=2r

Al(x)σ̂(lh)

∣

∣

∣

∣

∣

∣

2






1/2








ω(x)dx









≤ C inf
k>0

k−1



1 +

2π
∫

0

ϕ





(

m
∑

r=0

k2∆2
r,σ

)1/2


ω(x)dx



 .

Since ϕ (
√
u) is concave

∥

∥

∥

∥

∥

∥

2m+1
−1

∑

r=1

Ar(x)σ̂(rh)

∥

∥

∥

∥

∥

∥

ϕ,ω

≤ inf
k>0

k−1



1 +

m
∑

r=0

2π
∫

0

ϕ (k∆r,σ)ω(x)dx



 .

Using the proof of [3, Lemma 9.2, p. 74], it is easily seen that

2π
∫

0

ϕ

[

u(x)

‖u(x)‖ϕ,ω

]

ω(x)dx ≤ 1.
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By this inequality and (1.3)

2π
∫

0

ϕ (k∆r,σ)ω(x)dx = c

2π
∫

0

ϕ

(

∆r,σ

‖∆r,σ‖ϕ,ω

)

ϕ
(

k ‖∆r,σ‖ϕ,ω
)

ω(x)dx

≤ cϕ
(

k ‖∆r,σ‖ϕ,ω
)

.

Consequently, we obtain

S (σ, h, ϕ) ≤ C inf
k>0

k−1

(

1 +
m
∑

r=0

cϕ (kE2r−1(f)ϕ,ωδ2r,h)

)

.

This yields (1.5) by (3.4).

Proof of Theorem 1.2. Since f ∈ Lϕ,ω [0, 2π] from the properties of
the norm and (3.1)

(3.5) D (f, σ1, h, ϕ) ≤

∥

∥

∥

∥

∥

∥

∞
∫

−∞

(σhS2m+1) (x)dσ1(u)

∥

∥

∥

∥

∥

∥

ϕ,ω

+ cE2m+1(f)ϕ,ω.

Using the properties of the function F (x) = σ̂1(x) (σ̂2(x))
−1

, (3.3), Lemma
2.4 and [2, Theorem 6.7.1, p. 278] we obtain

∥

∥

∥

∥

∥

∥

∞
∫

−∞

(σhS2m+1) (x)dσ1(u)

∥

∥

∥

∥

∥

∥

ϕ,ω

=

∥

∥

∥

∥

∥

∥

2m+1
−1

∑

r=1

cre
irxσ̂2(rh)F (rh)

∥

∥

∥

∥

∥

∥

ϕ,ω

≤ c

∥

∥

∥

∥

∥

∥

2m+1
−1

∑

r=1

cre
irxσ̂2(rh)

∥

∥

∥

∥

∥

∥

ϕ,ω

= c

∥

∥

∥

∥

∥

∥

∞
∫

−∞

(σhS2m+1) (x)dσ2(u)

∥

∥

∥

∥

∥

∥

ϕ,ω

≤ c

∥

∥

∥

∥

∥

∥

∞
∫

−∞

σhf(x)dσ2(u)

∥

∥

∥

∥

∥

∥

ϕ,ω

.

This yields (1.7) by (3.5).
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