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Abstract: In this work the Discrete Autoregressive Moving Average Model (DARMA(1,1))
has been used to describe the wet-dry day sequences in Croatia. The dryness or wetness of a
time period (e.g. a month) can be determined using daily precipitation data. Nevertheless, in
some cases these estimates may give a wrong impression, and therefore monitoring the num-
ber of wet and dry days is important as well. The First-order Markov Chain (DAR(1)) has also
been used and compared to DARMA(1,1) results. The daily precipitation data from the Split-
Marjan, Rijeka, Zagreb-Gri¢ and Osijek meteorological stations during the 1948-2000 period
have been used. The importance of the autocorrelation coefficient as a measure of persistence
has been emphasized.
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Sazetak: U radu su analizirani susni i ki$ni sljedovi u Hrvatskoj primjenom modela autoregre-
sije i kliznog srednjaka (DARMA(1,1)). Susnost ili kisnost nekog razdoblja moze se ocijeniti
na osnovi koli¢ina oborine. Medutim, takve procjene u pojedinim slucajevima mogu dati
iskrivljenu sliku ako je npr. velika koli¢ina oborine pala za malen broj dana, a nakon takva
kiSnog razdoblja slijedilo je dugacko susno razdoblje. Zbog toga je monitoring broja dana s
oborinom jednako vazan kao i pracenje koli¢ina oborine te sluZi za procjenu susnosti ili ki§no-
sti pojedinog mjeseca. Primijenjen je i jednostavan model Markovljevih lanaca prvog reda
(DAR(1)) te su rezultati usporedeni s rezultatima modela DARMA(1,1). Analiza je naprav-
ljena na osnovi podataka dnevne koli¢ine oborine za postaje Split-Marjan, Rijeka, Zagreb-
Gric¢ i Osijek iz razdoblja 1948-2000. U radu je naglasena i vaznost koeficijenta autokorelacije
kao mjere perzistencije u sljedovima dana s oborinom.

Kljuéne rijeéi: susna i ki$na razdoblja, model DARMA (1,1), model DAR(1), koeficijent perzi-
stencije

1. INTRODUCTION

Precipitation is one of the most important cli-
matic elements having direct impact on hu-
man life. Extreme precipitation events, caus-
ing floods and droughts, are of vital interest.
The great spatial and temporal variability of
precipitation amounts make the analysis of
the precipitation regime more complicated.
Also, there is a large number of statistical values
that describe this variability. The dryness or

wetness of a particular month can be deter-
mined using daily precipitation amount data.
However, in some cases these estimates may
give a wrong impression. For example, if there
was a large amount of precipitation only in a
few days‘ period, followed by a very long dry
spell, one could conclude that the month was
very wet. Hence, besides precipitation
amounts, the monitoring of the number of wet
and dry spells is also very important in estimat-
ing the dryness or wetness of a particular
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month. Long wet and dry spells are of more in-
terest than short ones. Relying only on empiri-
cal frequency distributions may create a com-
pletely wrong idea about the probability of
very long sequences. Various statistical models
give more reliable estimates. In this work, the
Discrete Autoregressive Moving Average
Model (DARMA(1,1)) and the Discrete
Autoregressive (DAR(1)) Model have been
used to analyse the distribution of wet and dry
spells frequencies and their results have then
been compared. The DAR(1) model is known
as the First-order Markov Chain. It was first
introduced in meteorology by Gabriel and
Neumann (1962). In this model, the probability
of a wet or a dry day depends on the situation
on the previous day only. Many authors have
shown that the properties of wet and dry se-
quences in climatic areas with very long dry pe-
riods can not be described properly by this sim-
ple model. For general application, the
Markov chains of higher order could be used,
but they have the disadvantage of an increased
number of parameters. Hence, the more com-
plex DARMA(1,1) model has been used. In
climatic analysis, this model was first intro-
duced by Buishand (1978). The addition of one
more parameter provides a better fit of this
model to empirical values than DAR(1) does.

This work deals with the daily precipitation
data measured at four meteorological stations
in Croatia, during the 1948-2000 period: Split-
Marjan (¢ = 43°31°, A = 16°26’, h = 122 m), on
the mid-Adriatic coast of Croatia, Rijeka (¢ =
45°20°, A=14°27’, h = 120 m), on the northern
Adriatic coast, Zagreb-Gri€ (¢ = 45°49’, A =
15°59’, h = 157 m), in Croatian hinterland and
Osijek (¢ =45°30", A=18°34’, h = 89 m), in the
eastern part of Croatia. These stations are re-
presentative of the different types of climate
existing in Croatia. The importance of the auto-
correlation coefficient (acc) in describing pre-
cipitation amount variability is emphasized.
The annual courses of the acc for the men-
tioned stations are presented.

2. THE BINARY DARMA(1,1) MODEL

2.1. Some properties of the DAR(1) and
DARMA(1,1) models

The DAR(1) and DARMA(1,1) models are
special cases of the more general class of
DARMA (p,q) models. The main property of
the DARMA models is that their marginal

distribution and correlation structure are
specified separately.

A DARMA sequence {X,} is formed by a
probabilistic linear combination of a sequence
{Y,} of independent and identically distributed
random variables in such a way that its margi-
nal distribution is given by: x(k) = P(Xn = k),
k =0,1,... In a binary discrete sequence, these
variables take the value one with 7(1) proba-
bility and the value zero with 7(0) = I - 7(1)
probability.

The random variable A, in the DAR(1) model
(First-order Markov Chain) is defined as fol-
lows:

A, = A,.; with p probability, A, = Y,, with 1-p
probability. The autocorrelation function (acf)
for this process is given by:

pk:p,k, k>1 (1)

In the DARMAC(1,1) process, X, takes the
value Y, with 8 probability and takes the auto-
regressive component A,,_; with /- probabili-
ty. This model is completely determined by
three parameters: (1), p and . The autocor-
relation function for this process is given by:

oo k>1 2)

where c is the first-order autocorrelation coef-
ficient (acc). This indicates that c is a valuable
value which determines acf. The acf of the daily
precipitation sequence is a measure of persist-
ence, which is one of the most important sta-
tistical properties when considering dry and
wet spell length. Then, ¢ can also be taken as a
model parameter rather than f.

It should be noted that the DARMA(1,1)
process { X,/ is not Markovian but {A4,, X,/ is a
bivariate first-order Markov chain.

2.2. Estimation of parameters

While the DAR(1) model is completely deter-
mined by the two parameters z(/) and c, the
DARMA(1,1) process has an additional pa-
rameter, p, which gives the amount of the acf
decrease. If one has the empirical distribution
of the run lengths of dry and wet spells, the es-
timates of the marginal distribution (/) and ¢
can be based on the mean run lengths, u, and
w; as follows (Buishand, 1978):
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There are several ways of estimating parame-
ter p. In this work, the parameter estimation is
based on the distribution of run lengths (Buis-
hand, 1978). The difference between the first
and the second serial correlation coefficients 7,
and r, can be expressed as a monotonically de-
creasing function of the sum of relative fre-
quencies of runs of zeros with length 1, f,(1)
and runs of ones with length 1, f;(1), as follows:

Hyp+ Uy

[i-to ) -t, (1)] (5)

rl_r2=
g to

Then, parameter p is given a

p=T2 (6)

An estimate of §is then obtained from the es-
timates of ¢ and p using:

c=(1-p) (p+B-2pp) (™)

These expressions are briefly derived in Buis-
hand (1978).

2.3. The distribution of run lengths

Dry and wet run lengths are of great impor-
tance for many practical purposes (agricultur-
al systems, water supply and irrigation in wa-
ter systems). The probabilities of occurrence
of different daily precipitation sequence
lengths are also of great interest.

A run length of zeroes is defined as a se-
quence of zeroes on each side bounded by a
one, and a run length of ones is defined in an
analogous manner. If 7, is the run length of
zeroes then the probability distribution of rela-
tive frequencies for the First-order Markov
Chain can be obtained using conditional pro-
babilities as follows:
n-1
P(To 7’1) poo (8)
where pyg=p+(1-p)7(0)

Similarly, for the run lengths of ones, one can
obtain

P(T, =n) =p,/"" )

where p;; = p+(1-p)a(1) .The theoretical pro-
bability distribution functions of run lengths for
the binary DARMA models are given in de-
tail in Chang et al. (1984a, 1984b). The transi-
tion probabilities are 2x2 matrices and can be
obtained by model parameters which simplify
their calculation. Nevertheless, these calculations
are more complicated in the DARMA(1,1) than
in the DAR(1) model because of a larger
number of parameters.

3. RESULTS

The 53-year daily precipitation data (1948-2000)
at four meteorological stations in Croatia have
been analysed. Wet or dry days have been classi-
fied according to whether there was a recorded 1
mm of precipitation during the day. Then, these
data were transformed into a binary discrete
time series in the following manner:

{1, if R, > 1 mm

0, if R, <1 mm,

Xy =

where R, is the observed daily precipitation
amount.

When analysing the wet and dry spells in a
particular month, all spells beginning in that
month were taken into account even if they
continued into the next month. If, for exam-
ple, July was the month studied, then a dry or
a wet spell which began in July and ended in
August was taken into account in the July
study and discarded from August.

According to these runs, the mean run lengths
of dry (u,) and wet (u;) spells were deter-
mined. The probability (/) and the first-or-
der autocorrelation coefficient ¢ (=p;) were
then obtained by Equations (3) and (4). The
parameter p was estimated from the runs of
zeroes of one fj(1) length and the runs of ones
of one f;(1) length, using Equations (5) and
(6). The third parameter,  was obtained using
Equation (7). An example of the estimation of
parameters and of the empirical and theoreti-
cal frequencies of dry spells for the Rijeka sta-
tion in January is given in Table 1. The final
estimates of the mean run lengths of dry (u,)
and wet (u;) spells, parameters n(1), ¢, p and
B, the longest dry (d,) and wet (d;) spells for
all months and every station are given in
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Table 1. The empirical and theoretical frequencies of dry spells and an example of the estimation of parame-
ters 71(1), ¢, p and 8 using equations (3) to (7), in January, for the Rijeka station.

Tablica 1. Empiricke i teoretske Cestine su$nih razdoblja i primjer izra¢unavanja parametara n(1), ¢, pi 8 do-
bivenih iz jednadzbi (3) do (7) za sije¢anj na postaji Rijeka.

DRY SPELLS WET SPELLS

n Emp | n*Emp | DARMA(,1) | DAR(]) | Emp | n*Emp | DARMA(1,1) DAR(1)
1 56 56 49.0 36.6 88 88 95.9 89.4
2 25 50 26.8 30.0 55 110 45.4 49.6
3 24 72 21.2 24.6 22 66 26.0 27.6
4 9 36 17.6 20.2 16 64 15.0 15.3
5 17 85 14.6 16.5 8 40 8.7 8.5
6 9 54 12.2 13.5 4 24 5.0 4.7
7 13 91 10.2 11.1 6 42 2.9 2.6
8 7 56 8.5 9.1 1 8 1.7 1.5
9 6 54 7.1 7.5 0 0 1.0 0.8
10 4 40 5.9 6.1 1 10 0.6 0.4
11 7 77 5.0 5.0
12 3 36 4.1 4.1
13 3 39 3.4 3.4
14 1 14 2.9 2.8
15 2 30 2.4 2.3
16 4 64 2.0 1.9
17 2 34 1.7 1.5
18 4 72 1.4 1.2
19 0 0 1.2 1.0
20 0 0 1.0 0.8
21 3 63 0.8 0.7
22 1 22 0.7 0.6
23 1 23 0.6 0.5
24 0 0 0.5 0.4
25 0 0 0.4 0.3
26 0 0 0.3 0.3
27 0 0 0.3 0.2
28 0 0 0.2 0.2
29 2 58 0.2 0.1
2z 203 1126 201 452

Mo 5.547 e 2.249

fo(1) 0.276 fi(1) | 0438

7(0) 0.712 | Eq.(D-(3) (1) | 0.288 Eq. (3)
¢ 0.375 | Eq.(4)
-1, 0.179 | Eq.(5)
P 0.523 | Eq.(6)
B 0.266 | Eq.(7)

Table 2. The mean run lengths of dry and wet
spells have very close values at all stations
throughout the year (four to six days). The ex-
ception is Split, where the dry spell lengths are
considerably greater from July to September

with a noticeable peak in August (12 days). In
some cases (e.g. April and September in Split)
parameter 3 can have a complex value.

In Figure 1, the annual courses of the first-or-
der acc (c) for four stations, during the period
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Table 2. The mean run lengths of dry () and wet (u;) spells, estimated parameters (1), ¢, p and f3 for the bi-
nary DARMA(1,1) model and the longest dry (dj) and wet (d;) spells during the period 1948-2000.

Tablica 2. Srednja duljina trajanja susnih (u,) i ki$nih razdoblja (u;), parametri 7(1), ¢, pi # binarnog modela
DARMA(1,1) i najdulje susno (d) i kisno (d;) razdoblje u periodu 1948-2000.

[ 1 | o |m | wv ]| v [ vi|vo|vim|] Ix | x | x1|Xxn
OSIJEK
[ 1%) 5.522 4.766 5.277 4.448 4.367 3.996 5.196 5.350 6.054 6.841 4.559 4.391
151 1.671 1.704 1.691 1.835 1.713 1.813 1.550 1.570 1.530 1.779 1.897 1.876
do 37 24 31 35 36 28 32 30 39 34 51 64
d, 8 7 8 3 7 7 6 7 6 9 7 9
1[(1) 0.232 0.263 0.243 0.292 0.282 0.312 0.230 0.227 0.202 0.206 0.294 0.299
C 0.220 0.203 0.219 0.230 0.187 0.198 0.162 0.176 0.181 0.292 0.253 0.239
[ 0.327 0.554 0.219 0.223 0.323 0.189 0.489 -0.035 0.275 0.381 0.385 0.322
B 0.583 0.568 0.598 0.022 0.664 0.021 0.677 0.253 0.691 0.382 0.491 0.532
ZAGREB-GRIC
W 6.022 5.363 5.060 4.589 4318 3.849 4.493 4.617 5.544 5916 4.949 5.092
151 1.735 1.721 1.742 1.915 1.912 1.905 1.652 1.656 1.775 1.890 2.000 2.018
d(] 44 35 39 34 23 21 21 31 35 30 36 30
dl 9 7 6 8 7 7 8 9 7 8 7 8
n(1) | 0224 | 0243 | 0256 | 0294 | 0307 | 0331 | 0269 | 0264 | 0243 | 0242 | 0.288 | 0.284
C 0.258 0.233 0.228 0.260 0.245 0.215 0.172 0.180 0.256 0.302 0.298 0.308
[ 0.317 0.367 0.319 0.385 0.147 0.207 0.065 0.230 0.291 0.329 0.270 0.357
B 0.475 0.522 0.563 0.474 0.264 0.022 0.160 0.706 0.478 0.301 - 0.308
RIJEKA
Wo 5.547 6.200 5.764 5.116 5.084 4214 5.996 5.412 5.791 5.462 5.127 6.126
151 2.249 2.276 2.116 2.312 1.987 1.783 1.458 1.689 2.110 2.392 2.552 2.380
do 29 38 35 31 33 30 32 31 45 38 34 63
dl 10 10 10 15 10 8 6 7 8 13 10 8
7[(1) 0.288 0.264 0.269 0.311 0.281 0.301 0.196 0.238 0.267 0.305 0.332 0.280
C 0.375 0.399 0.354 0.372 0.300 0.211 0.147 0.223 0.353 0.399 0.413 0.417
P 0.523 0.579 0.426 0.418 0.304 0.269 0.211 0.273 0.428 0.512 0.482 0.532
B 0.266 0.270 0.231 0.163 0.263 0.021 0.777 0.587 0.235 0.213 0.153 0.198
SPLIT - MARJAN
Mo | 5435 | 5653 | 5863 | 5.871 | 6.014 | 7.430 | 11.866 | 8.541 | 6.972 | 5.557 | 4.624 | 4.983
151 2.028 2.020 1.976 1.957 1.599 1.510 1.420 1.458 1.695 1.848 2.292 2.299
do 35 53 37 27 28 84 51 48 45 30 42 47
dl 7 9 7 7 5 5 5 5 9 8 11 9
ﬂ(l) 0.272 0.263 0.252 0.250 0.210 0.169 0.107 0.146 0.196 0.250 0.331 0.316
C 0.323 0.328 0.323 0.319 0.208 0.203 0.211 0.197 0.267 0.279 0.347 0.364
P 0.357 0.576 0.426 0.260 0.171 0.340 0.195 0.263 0.185 0.431 0.441 0.466
ﬁ 0.243 0.369 0.316 - 0.087 0.624 0.042 0.657 - 0.431 0.264 0.245

1948-2000, are shown. It is very useful to
analyse acc since it describes acf, which is a
measure of persistency. A similar analysis was
made by Juras (1997) who calculated the acc
for ten stations in Croatia during a shorter pe-
riod (1951-1980). It can be seen that at all sta-
tions the value of parameter c is greater in the
cold part of the year (October to March) than
in the warm period (April to September). This

can be explained by the fact that in the cold
period macro synoptic processes with long
wavelengths prevail. They are of greater per-
sistency in the cold part of the year compared
to the warm part. In the summer months,
mesoscale convective processes prevail, hav-
ing smaller persistency. Nevertheless, it is ob-
vious from Figure 1 that at the coastal stations
(Rijeka and Split) persistency is considerably
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greater from January to July than at the conti-
nental stations (Zagreb and Osijek). Also, we
can see that the annual course of the acc in Ri-
jeka and Split has a well defined wave-shape
with a noticeable minimum in the summer
months, which is not so pronounced in Zagreb
and Osijek.

Juras and Juréec (1976) investigated the acc at
the Zagreb-Gri¢ Observatory and pointed out
that ¢ was one of the crucial parameters in de-
scribing the temporal variability of precipita-
tion amounts.

Table 2 shows that c and p have very close values
in some months and, therfore, the differences
between the DAR(1) and DARMA(1,1) mo-
del estimates of run lengths will be small. One
month of each season of the year (January,
April, July and October) have been chosen to
show the difference between these two models
and the advantages of the more complicated
DARMA(1,1) model for long spells. The em-
pirical and theoretical cumulative frequencies
of dry spells at all stations are shown in Fig-
ures 2 to 5. Split-Marjan is an exception be-
cause the parameter f§ for April is a complex
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Figure 1. The annual course of the first-order auto-
correlation coefficient (c) during the period
1948-2000.

Slika 1. Godi$nji hod koeficijenta autokorelacije pr-
vog reda (c) u periodu 1948-2000.
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Figure 2. The empirical and theoretical cumulative frequencies of dry spells in January, April, July and Octo-

ber at the Osijek station, 1948-2000.

Slika 2. Empiricke i teoretske kumulativne Cestine susnih razdoblja za sijeanj, travanj, srpanj i listopad na

postaji Osijek, 1948-2000.
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Slika 3. Empiricke i teoretske kumulativne Cestine susnih razdoblja za sijeanj, travanj, srpanj i listopad na

postaji Zagreb-Gri¢, 1948-2000.
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Figure 4. The empirical and theoretical cumulative frequencies of dry spells in January, April, July and Octo-
ber at the Rijeka station, 1948-2000.

Slika 4. Empiricke i teoretske kumulativne ¢estine susnih razdoblja za sijeanj, travanj, srpanj i listopad na
postaji Rijeka, 1948-2000.
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Figure 5. The empirical and theoretical cumulative frequencies of dry spells in January, March, July and Oc-
tober at the Split-Marjan station, 1948-2000.

Slika 5. Empiricke i teoretske kumulativne Cestine suSnih razdoblja za sijecanj, ozujak, srpanj i listopad na
postaji Split-Marjan, 1948-2000.
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Figure 6. The empirical and theoretical cumulative frequencies of wet spells in January, April, July and Octo-

ber at the Rijeka station, 1948-2000.

Slika 6. Empiricke i teoretske kumulativne ¢estine ki$nih razdoblja za sijecanj, travanj, srpanj i listopad na
postaji Rijeka, 1948-2000.
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number, so March was chosen to show the dif-
ference between the two models in Figure 5.
In Figure 6, the empirical and theoretical cu-
mulative frequencies of wet spells at Rijeka sta-
tion are given. It is obvious that, for the Croatian
stations, the DARMA(1,1) model gives better
estimates for long-term dry spells (more than
10 days), which are more important than short
ones. Still, as can be seen from Figures 2 to 6,
in most cases the empirical frequencies of very
long spells are greater than the theoretical
ones. But it can not be said that this discrepan-
cy can be blamed on the models only, because
such very long sequences occur rarely, maybe
once in 100 years, so that the possibility of
such events is very small.

4. CONCLUSIONS

The study of extreme precipitation events
such as floods and droughts requires the
analysis of wet and dry day sequences. The
empirical frequency distribution does not pro-
vide a good insight in the probabilities of very
long sequences of dry and wet spells, which
are more important for practical purposes
than the short ones. Statistical models give
more reliable estimates. In this work, the dry
and wet spells have been studied using the
DAR(1) (First-order Markov Chain) and
DARMAC(1,1) models. The daily precipitation
data at four meteorological stations, being
representative of different climate regimes in
Croatia, have been analysed. Wet or dry days
have been classified according to daily precipi-
tation amounts of 1.0 mm.

The results show that both models underesti-
mate very long dry spell runs. However, the
DARMA(1,1) model provides a better fit to
the empirical distribution both of short (one
day) and long (more than 10 days) dry spells.
A potential limitation when using the DARMA
(1,1) model is the possibility of the appearance
of an imaginary parameter f. In this case, oth-
er methods of parameter estimation should be
used rather than those used in this work (Eq. 5).

Due to the large temporal variability of pre-
cipitation amounts, analysis of the precipita-
tion regime is very complex. It is emphasized
in this work that the autocorrelation coeffi-
cient, as a measure of persistence of wet and
dry sequences, is one of the most important
parameters of the precipitation regime. The

annual course of this parameter is given for all
stations. The autocorrelation coefficient is
greater in the cold part of the year (October to
March) than in the warm period (April to Sep-
tember), which is explained by the atmosphe-
ric processes of different persistence prevail-
ing in these parts of the year. In the first half
of the year, persistency is greater on the
coastal regions of Croatia than in the conti-
nental ones.
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