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Abstract. In this paper, we will solve the four index fully fuzzy transportation problem (FFTP4 ) with
some adapted classical methods. All problem’s data will be presented as fuzzy numbers. In order to
defuzificate these data, we will use the ranking function procedure. Our method to solve the FFTP4
composed of two phases; in the first one, we will use an adaptation of well-known algorithms to find an
initial feasible solution, which are the least cost, Russell’s approximation and Vogel’s approximation
methods. In the second phase, we will test the optimality of the initial solution, if it is not optimal,
we will improve it. A numerical analysis of the proposed methods is performed by solving different
examples of different sizes; it is determined that they are stable, robust, and efficient. A proper
comparative study between the adapted methods identifies the suitable method for solving FFTP4 .
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1. Introduction
In the current dynamic market, companies must find the most efficient means of sending products to customers in the quantities requested as soon as possible at the lowest cost; this is
the well-known transportation problem (TP ). The classical transportation problem has been
widely studied [20] and then generalized to more than two indexes [18, 26, 27]. Based on its
typology [18], TP can be classified into four groups: 2-index, 3-index, 4-index, and n-index.
Previously, many efficient algorithms have been developed to identify the optimal total cost
when the demands, offers, and unitary costs are known.
In real-world applications, there are many different situations where classical methods for
solving TP are no longer suitable because of the uncertainties of one or more parameters that
cannot be accurately determined; this occurs owing to the imprecise tool of measure, lost
and missing data, and even calculation errors. To overcome this problem, problem’s data are
presented with fuzzy numbers, for the purpose of modeling the uncertainties within the data,
thus fuzzy mathematics becomes mandatory in solving this type of problems.
The theoretical foundations of fuzzy logic were established in the early 1965 by L- Zadeh
[24]. Fuzzy logic is based on the association of the notion of ”fuzzy subset“ and ”theory of possibilities“. The world of reasoning in fuzzy logic is more intuitive than in binary logic; it allows
designers to better understand natural phenomena and to model them using the definition of
rules and membership functions in sets called ”fuzzy sets“. A fuzzy transportation problem
(FTP ) is a problem where its data (e.g., costs and or offers and requests) are fuzzy quantities.
In 1970, Bellman and Zadeh [2] first introduced the concept of decision-making in a fuzzy
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environment. Eight years later, Zimmermann [25] showed that fuzzy linear programming algorithms were effective. In 1984, Chanas, Kolodziejkzy, and Machaj [3] presented a fuzzy linear
programming model to solve the fuzzy transportation problem. Chanas and Kuchta (1996)[4]
introduced a new concept for solving a transportation problem with fuzzy numbers data.
In 2004, Liu and Kao [11] described a method for solving FTP using the extension principle.
Nagoor Gani and Abdul Razak (2006) [16] obtained a fuzzy solution for the two-stage cost
minimizing of FTP in which availabilities and demands are trapezoidal fuzzy numbers. Pandian
and Natarajan (2010) [17] proposed a fuzzy zero point method for finding an optimal solution
for FTP, where all parameters are trapezoidal fuzzy numbers. Kumar and Kauar (2011) [7]
proposed a new method for solving FTP by assuming that a decision maker was uncertain
about the exact values of the transportation cost, availability, and demand of the product.
Kumar and Murugesan (2012) [9] provided an optimal solution for FTP using triangular fuzzy
numbers using a modified revised simplex method. In [10], P. Kumari performed a comparative
study on the optimality of the initial solutions obtained by different available methods for the
two-index fuzzy transportation problem. In 2020 [19], Jayanta Pratihar et al. proposed an
algorithm that was based on Vogel’s approximation method to solve the fuzzy transportation
problem.
The two-index fuzzy transportation problem has been rigorously studied using fuzzy triangular numbers in [1, 9, 15], intuitionistic fuzzy numbers in [5, 12, 13, 23], and fuzzy trapezoidal
numbers in [7, 10, 14, 16, 17, 21, 22]. In addition, in 2019, Kumar et al. [8] used Pythagorean
fuzzy numbers. However the efficiency of these algorithms was not tested for the multi-index
fuzzy transportation problem. Authors in [6] proposed an adaptation of R. Zitouni’s algorithm
[27] for solving the four index fuzzy transportation problem.
In this paper, we will present three adapted algorithms to solve the four index fully fuzzy
transportation problem (FFTP4 ) using both trapezoidal and triangular fuzzy numbers. Using
the ranking function of fuzzy availabilities, fuzzy requests, fuzzy means of transportation, fuzzy
qualities of the goods, and fuzzy costs, we adapt the least cost cell, Russell’s approximation, and
Vogel’s approximation methods in the fuzzy context with four indexes to obtain the initial basic
feasible solution. Of note, FLC4, FRAM4, and FVAM4 are the adapted methods, respectively.
The degeneracy case is handled by the detective method to complete the base of the initial
solution. Finally, we will improve this solution using [27] algorithm’s second phase to obtain
the optimal solution of FFTP4 . In the numerical simulation, we will present a comparative
study between FLC4, FRAM4, and FVAM4 in various FFTP4 examples of different sizes
(from 8 × 16 to 113 × 630000). Based on these results, we will choose a suitable algorithm that
provides the initial solution that is close to the optimum in a less number of iterations and
time.
This paper is organized as follows. Section 2 contains a brief introduction to fuzzy logic, its
application and some fuzzy preliminaries. In Section 3, we introduce an economic interpretation
of the FFTP4 as well as its associated mathematical formulation. In Section 4, we present the
different descriptions of the adapted algorithms. Numerical implementation and a comparative
study between FLC4, FRAM4 and FVAM4 are conducted in Section 5. Finally, Section 6 is the
conclusion.

2. Introduction to fuzzy mathematics
2.1. Fuzzy logic
The fuzzy logic is an extension of Boolean logic, it was created in 1965 by L. Zadeh [24] in
order to represent mathematically the imprecision, inaccuracies and uncertainties of systems
and natural phenomena, by introducing the degree of truth in the verification of a condition;
which means a condition can be in state between 0 and 1 (not totally true and not totally
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false but true and false with a degree), like the notion of beauty which is subject to several
discussion. Fuzzy logic uses an imprecise but very descriptive language to deal with input data
more like a human operator.

2.2. Fuzzy logic applications
During the 90s, fuzzy logic becomes a fashion, several researches are published about its applications in various fields (decision making, diagnosis, database, optimization, fuzzy systems
control, maintenance of rotating machines, . . . , etc.), where no deterministic model exists or is
not practically implementable, as well as in situations where the imprecision of the data makes
control by classical methods impossible.

2.3. Preliminaries
2.3.1. Fuzzy set
L. Zadeh defines a fuzzy set as follows: ”a fuzzy set is a class with a continuum of membership
grades“. Thus, a fuzzy set Ã (fuzzy subset of universe of discourse U ) is characterized by a
membership function. It is defined as a set of couples (x, µÃ (x)), where x is an element of the
universe of discourse U , and µÃ is the membership function.

2.3.2. Membership function
Instead of imposing the membership of an element on ”true“ or ”false“ sets, as in the traditional
binary logic, fuzzy logic allows degrees of membership. The degree of membership of a fuzzy set
is materialized by a number between 0 and 1. Let U be a set; then, the membership function
is defined as µ : U → [0, 1]. The exact value of the membership function linked to the value
of the variable is called the ”membership factor“. Of note, this membership function is the
equivalent of the characteristic function of a classical set.

2.4. Fuzzy numbers
A fuzzy number Ã is a fuzzy subset of the set of real numbers R with a membership function
µÃ .
2.4.1. Trapezoidal fuzzy number
A fuzzy number Ã = (a, b, c, d) with a ≤ b ≤ c ≤ d is called a trapezoidal fuzzy number if its
membership function is given by:

0



x−a

 b−a
1
µÃ (x) =

d−x


 d−c

0

if
if
if
if
if

x < a,
a ≤ x ≤ b,
b ≤ x ≤ c,
c ≤ x ≤ d,
d < x.

(1)

The function µÃ : R → [0, 1] is continuous, strictly increasing on [a, b] constant on [b, c] and
strictly decreasing on [c, d]. It is presented by a trapezoidal shape.
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2.4.2. Triangular fuzzy number
Triangular fuzzy number is a particular case of trapezoidal fuzzy number, we get it only if b = c
in the representation (a, b, c, d). Its membership function is given by:

0 if x < a,


 x−a if a ≤ x ≤ b,
b−a
(2)
µÃ (x) = d−x
if b ≤ x ≤ d,


 d−b
0 if d < x.
The function µÃ : R → [0, 1] is continuous, strictly increasing on [a, b] and strictly decreasing
on [c, d]. It is presented by a triangle shape.

2.5. Ranking function
Let F (R) be the set of fuzzy numbers. The ranking function is a defuzification tool of fuzzy
numbers to crisp numbers < : F (R) → R. It is used to compare fuzzy numbers.
• if F (R) represents a set of trapezoidal fuzzy numbers,
<(Ã) =

a+b+c+d
,
4

Ã = (a, b, c, d),

(3)

• if F (R) represents a set of triangular fuzzy numbers,
<(Ã) =

a + 2b + d
,
4

Ã = (a, b, d).

(4)

For two fuzzy numbers Ã and B̃, we have
Ã ≤< B̃ ⇐⇒ <(Ã) ≤ <(B̃),

(5)

Ã ≥< B̃ ⇐⇒ <(Ã) ≥ <(B̃),

(6)

Ã =< B̃ ⇐⇒ <(Ã) = <(B̃).

(7)

2.6. Arithmetic operations
Let Ã = (a1 , a2 , a3 , a4 ) and B̃ = (b1 , b2 , b3 , b4 ) be two fuzzy trapezoidal numbers:
Addition: Ã ⊕ B̃ = (a1 , a2 , a3 , a4 ) ⊕ (b1 , b2 , b3 , b4 ) = (a1 + b1 , a2 + b2 , a3 + b3 , a4 + b4 ).
Subtraction: Ã

B̃ = (a1 , a2 , a3 , a4 )

(b1 , b2 , b3 , b4 ) = (a1 − b4 , a2 − b3 , a3 − b2 , a4 − b1 ).

Multiplication:
• When <(Ã) > 0,


Ã ⊗ B̃ = a1 × <(B̃), a2 × <(B̃), a3 × <(B̃), a4 × <(B̃) .

(8)

• When <(Ã) < 0,


Ã ⊗ B̃ = a4 × <(B̃), a3 × <(B̃), a2 × <(B̃), a1 × <(B̃) .

(9)
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2.7. Properties
• The addition of fuzzy numbers is associative and commutative :
Ã ⊕ B̃ = B̃ ⊕ Ã and Ã ⊕ (B̃ ⊕ C̃) = (Ã ⊕ B̃) ⊕ C̃

∀Ã, B̃, C̃ ∈ F (R).

• No element Ã ∈ F (R) has an opposite in F (R).
• The multiplication of a fuzzy number Ã = (a1 , a2 , a3 , a4 ) by a real number α > 0 is
defined by: αÃ = (αa1 , αa2 , αa3 , αa4 ).
• The multiplication of a fuzzy number Ã = (a1 , a2 , a3 , a4 ) by a real number α < 0 is
defined by: αÃ = (αa4 , αa3 , αa2 , αa1 ).
• (α + β) Ã = α Ã ⊕ β Ã
• α(Ã ⊕ B̃) = αÃ ⊕ αB̃

∀α, β ∈ R with αβ ≥ 0 and ∀ Ã ∈ F (R).
∀α ∈ R and ∀ Ã, B̃ ∈ F (R).

3. Four index fuzzy transportation problem
Let:
• A1 , . . . , Am , m be the origins of availabilities α̃1 , . . . , α̃m , respectively.
• B1 , . . . , Bn , n be the destinations of demands β̃1 , . . . , β̃n , respectively.
• S1 , . . . , Sp , p be the means of transportation chosen depending on reserved charges γ̃1 , . . . , γ̃p
respectively.
• H1 , . . . , Hq , q be the qualities of goods obtained in even units of quantities δ̃1 , . . . , δ̃q
respectively.
• x̃ijkl (i = 1, . . . , m, j = 1, . . . , n, k = 1, . . . , p, l = 1, . . . , q), be the quantity of product Hl transported from the origin Ai towards the destination Bj using the means of
transportation Sk .
• c̃ijkl (i = 1, . . . , m, j = 1, . . . , n, k = 1, . . . , p, l = 1, . . . , q), be the unit cost of transport
of product x̃ijkl .
Mathematically, a four index fuzzy transportation problem can be stated as follows:








































Minimize Z̃ =<

p P
q
m P
n P
P

c̃ijkl ⊗ x̃ijkl

i=1j=1k=1l=1

subject to the constraints:
p P
q
n P
P
x̃ijkl =< α̃i for all i = 1, . . . , m
j=1k=1l=1
p P
q
m P
P

x̃ijkl =< β̃j for all

i=1k=1l=1
q
m P
n P
P

x̃ijkl =< γ̃k for all

i=1j=1l=1
p
m P
n P
P

j = 1, . . . , n
k = 1, . . . , p

x̃ijkl =< δ̃l for all l = 1, . . . , q

i=1j=1k=1

x̃ijkl ≥< 0, for all

i = 1, . . . , m, j = 1, . . . , n, k = 1, . . . , p, l = 1, . . . , q,

where for all (i, j, k, l), we have α̃i >< 0, β̃j >< 0, γ̃k >< 0, δ̃l >< 0, and c̃ijkl ≥< 0.

(10)
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We can also write the four index fully fuzzy transportation problem as the following linear
program:

T

 min Z̃ =< c̃ ⊗ x̃

s.c
(11)

Ax̃
=< b̃


<(x̃) ≥ 0,
where:
 x̃ = (x̃1111 , . . . , x̃mnpq )T ∈ F (R)N .
 c̃ = (c̃1111 , . . . , c̃mnpq )T ∈ F (R)N .
 b̃ = (α̃1 , . . . , α̃m , β̃1 , . . . , β̃n , γ̃1 , . . . , γ̃p , δ̃1 , . . . , δ̃q ) ∈ F (R)M .
 A is the M × N matrix with coefficients in R.
 M = m + n + p + q and N = mnpq.*

Let E = {(i, j, k, l); i = 1 : m, j = 1 : n, k = 1 : p and l = 1, q} associate for each
(i, j, k, l) ∈ E a vector Pijkl ∈ RM . Only four components of the Pijkl vector are non-zero; they
are located in the lines i, m + j, m + n + k, and m + n + p + l and have 1 as a common value.
We define the matrix A as the matrix of vectors Pijkl . Of note, the matrix A is of rank M − 3.
The problem is to determine x̃ijkl so that the total cost of transport is minimal.
By generalizing the feasible condition in [27], we obtain the following theorem:
Theorem 1. The four index fully fuzzy transportation problem has a feasible solution if and
only if
p
q
m
n
X
X
X
X
α̃i =<
β̃j =<
γ̃k =<
δ̃l .
(12)
i=1

j=1

k=1

l=1

4. Resolution
To obtain the fuzzy optimal solution for a four index fully fuzzy transportation problem, we go
through two phases:
1. Determining an initial basic feasible solution.
2. Improving a basic feasible solution.

4.1. Phase 1
There are three popular methods used to determine an initial feasible solution to the classical transportation problem. They are the least cost, Russell’s approximation, and Vogel’s
approximation methods. We are going to adapt these methods to the four index transportation
problem in a fuzzy context. We denote, FLC4, FRAM4, and FVAM4 the adapted algorithms,
respectively.
Now, we introduce the description of each method.
Let Eb be the set of interesting cells. At the beginning of each algorithm, Eb = ∅.
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4.1.1. FLC4 algorithm
The FLC4 algorithm is based on the least cost cell method; the principle of this method is to
determine in each step the quantity transported with the minimum cost.
Step 1:
1. For each unsaturated quadruplet (i, j, k, l), choose (ī, j̄, k̄, ¯l), where c̃īj̄ k̄l̄ = min c̃ijkl .


2. Take x̃īj̄ k̄l̄ = min α̃ī , β̃j̄ , γ̃k̄ , δ̃l̄ and add (ī, j̄, k̄, ¯l) to Eb .
3. Update α̃ī , β̃j̄ , γ̃k̄ and δ̃l̄ as follows:
(a) α̃ī = α̃ī x̃īj̄ k̄l̄
if x̃īj̄ k̄l̄ = α̃ī then let x̃ījkl be equal to fuzzy zero and saturate c̃ījkl , ∀(j, k, l) =
6
(j̄, k̄, ¯l).
(b) β̃j̄ = β̃j̄ x̃īj̄ k̄l̄
if x̃
= β̃j̄ then let x̃ij̄kl be equal to fuzzy zero and saturate c̃ij̄kl , ∀(i, k, l) 6= (ī, k̄, ¯l).
īj̄ k̄l̄

(c) γ̃k̄ = γ̃k̄ x̃īj̄ k̄l̄
if x̃īj̄ k̄l̄ = γ̃k̄ then let x̃ij k̄l be equal to fuzzy zero and saturate c̃ij k̄l , ∀(i, j, l) 6= (ī, j̄, ¯l).
(d) δ̃l̄ = δ̃l̄

x̃īj̄ k̄l̄

if x̃īj̄ k̄l̄ = δ̃l̄ then let x̃ijkl̄ be equal to fuzzy zero and saturate c̃ijkl̄ , ∀(i, j, k) 6= (ī, j̄, k̄).
Step 2:
• Repeat from 1 to 3 until all x̃ijkl variables are determined.
4.1.2. FRAM4 algorithm
The FRAM4 algorithm is based on Russell’s approximation method [20]. The idea of this
method is to determine in each step the minimum reduced cost matrix. Then, the transported
quantity is chosen as the minimum of this matrix.
Step 1:
1. For each i unsaturated, determine c̃i = max c̃ijkl .
jkl

2. For each j unsaturated, determine c̃j = max c̃ijkl .
ikl

3. For each k unsaturated, determine c̃k = max c̃ijkl .
ijl

4. For each l unsaturated, determine c̃l = max c̃ijkl .
ijk

5. Calculate the reduced cost matrix

c∗ijkl

= c̃ijkl

(c̃i ⊕ c̃j ⊕ c̃k ⊕ c̃l ).

6. Choose the cell (ī, j̄, k̄, ¯l) with the smallest fuzzy reduced cost c∗ijkl ; if there is more than
one, choose the one with the smallest fuzzy cost c̃ijkl ; if there is equality again, choose
the one whose min(α̃i , β̃j , γ̃k , δ̃l ) is the largest.


7. Take x̃īj̄ k̄l̄ = min α̃ī , β̃j̄ , γ̃k̄ , δ̃l̄ and add (ī, j̄, k̄, ¯l) to Eb .
8. Update α̃ī , β̃j̄ , γ̃k̄ and δ̃l̄ as in step 1 (3) in the FLC4 algorithm.
Step 2:
• Repeat from 1 to 8 until all x̃ijkl variables are determined.
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4.1.3. FVAM4 algorithm
The FVAM4 algorithm is based on Vogel’s approximation method. This method relies on the
minimization of a system of penalties. A penalty of dimension i, j, k or l is the fuzzy difference
between the smallest and next smallest fuzzy cost.
Step 1:
1. For each i unsaturated, determine the penalty p1i = mini2

mini1 .

2. For each j unsaturated, determine the penalty p2j = minj2

minj1 .

3. For each k unsaturated, determine the penalty p3k = mink2

mink1 .

4. For each l unsaturated, determine the penalty p4l = minl2

minl1 .

5. Identify the dimension corresponding to the highest penalty.
6. In the selected dimension found in previous step, identify the cell (ī, j̄, k̄, ¯l) with the
smallest fuzzy cost.
7. Take x̃īj̄ k̄l̄ = min(α̃ī , β̃j̄ , γ̃k̄ , δ̃l̄ ) and add (ī, j̄, k̄, ¯l) to Eb .
8. Update α̃ī , β̃j̄ , γ̃k̄ and δ̃l̄ as in step 1 (3) in the FLC4 algorithm.
Step 2:
• Repeat from 1 to 8 until all x̃ijkl variables are determined.

4.2. Treatment of degeneracy
At the end of phase 1, we obtain the initial feasible solution, which can be degenerate or not
degenerate.
Let I = {(i, j, k, l); <(x̃ijkl ) > 0}, and Ax is the matrix of vectors Pijkl ∀(i, j, k, l) ∈ Eb .
4.2.1. Test of degeneracy
• if rank(Ax ) = rank(A) then
the obtained solution is not degenerate.
• elseif rank(Ax ) < rank(A) then
the obtained solution is degenerate.
4.2.2. Treatment of degeneracy
Let Nb be the number of elements of Eb that are in the solution, let Eh be the complement of
Eb in the ensemble E (i.e., Eh = Ebc ), and let s = rank(A) − Nb .
 if Nb = rank(A) (i.e., s = 0), then
the base is complete and I (0) = Eb
 if Nb < rank(A) (i.e., s > 0), then
the solution is degenerate; we define the ensemble Es with s elements from Eh that are
chosen randomly until Eb ∪ Es is linearly independent and take I (0) = Eb ∪ Es . It is a
modification of the method in [28].
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4.3. Phase 2
To test the optimality or to improve the basic feasible solution, we will adapt the phase 2 of
ALP T 4C [27].
1. Initialization:
Let I (r) be the set of interesting quadruplet (i, j, k, l) in iteration r. First, take r=0; I (0)
was previously defined.
2. For all (i, j, k, l) ∈ I (r) , solve the linear system
Ax Y =< c̃ijkl

where

(r)

(r)

(r)

(r)

Y = [ũi , ṽj , w̃k , t̃l ]; i = 1 : m, j = 1 : n, k = 1 : p, l = 1 : q.

3. For all (i, j, k, l) ∈
/ I (r) determine
˜ (r) = c̃ijkl
∆
ijkl

(r)

(ũi

(r)

(r)

(r)

⊕ ṽj ⊕ w̃k ⊕ t̃l )

.
4.



˜ (r) ≥ 0 then
• If ∀(i, j, k, l) ∈
/ I (r) , we have < ∆
ijkl
the solution x̃(r) is optimal. Stop.
• Else use



˜ (r)
˜ (r)
˜ (r)
∆
i0 j0 k0 l0 = min{∆ijkl ; < ∆ijkl < 0}.

(a) For all (i, j, k, l) ∈ I (r) , determine a cycle µ(r) by solving the system
X (r)
λijkl Ax = −Pi0 j0 k0 l0
(r)

(b) Determine θ(r) where θ(r) = min (

x̃ijkl
(r)

−λijkl

(r)

(r)

) = θis js ks ls with λijkl < 0

(c) Determine a new set of basic solution x̃(r+1) and basic cells as follows:
n
o n
o
(r)
(r)
(r)
x̃(r+1) = x̃ijkl /(i, j, k, l) ∈
/ µ(r) ∪ x̃ijkl ⊕ λijkl θ (r) /(i, j, k, l) ∈µ(r) .
n
o
I (r+1) = I (r) ∪ {(i0 , j0 , k0 , l0 )} \ {(is , js , ks , ls }
(d) Repeat steps 1). . . 4).

5. Numerical implementation and comparative study
In this section, we will provide a numerical experiment to test the effectiveness of our adapted
algorithms.
Of note, for simplicity, the ranking function of a fuzzy number (a, b, c) is < instead of
<(a, b, c).

5.1. Example
(r)

(r)

In the following example, x̃B and x̃H are the set of basic variables and non-basic variables at
iteration r, respectively.
The transportation problem is in the form FFTP4 with (m = n = p = q = 2), whose
quantities α̃i , β̃j , γ̃k , δ̃l , and c̃ijkl are given by the following tables.
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c̃1111
c̃1112
c̃1121
(4, 5, 6) (0, 2, 7) (1, 3, 5)
< = 5 < = 2.75 < = 3
c̃2111
c̃2112
c̃2121
(5, 6, 8) (6, 8, 10) (2, 3, 7)
< = 6.25 < = 8 < = 3.75

c̃1122
c̃1211
c̃1212
c̃1221
c̃1222
(5, 6, 9) (3, 5, 6) (4, 6, 9) (6, 7, 9) (2, 4, 5)
< = 6.5 < = 4.75 < = 6.25 < = 7.25 < = 3.75
c̃2122
c̃2211
c̃2212
c̃2221
c̃2222
(6, 8, 12) (7, 9, 11) (3, 9, 7) (3, 4, 5) (4, 6, 10)
< = 8.5 < = 9
<=7
< = 4 < = 6.5

Table 1: Matrix of costs
α̃1
α̃2
β̃1
β̃2
γ̃1
γ̃2
δ̃1
δ̃2
(3, 7, 7) (1, 2, 7) (3, 4, 8) (1, 5, 6) (2, 2, 3) (2, 7, 11) (0, 4, 6) (4, 5, 8)
< = 6 < = 3 < = 4.75 < = 4.25 < = 2.25 < = 6.75 < = 3.5 < = 5.5
Table 2: T able of α̃i , β̃j , γ̃k and δ̃l quantities
This FFTP4 provides a feasible solution because:
2
X

α̃i =<

i=1

2
X
j=1

β̃j =<

2
X

γ k =<

l=1

2
X

δ̃l = (4, 9, 14)

l=1

The size of this problem is (2, 2, 2, 2); thus, here, M = 8 and N = 16.
5.1.1. Application of the FLC4 algorithm
Step 1
 Take Eb = ∅,
 min c̃ijkjl = c̃1112 ,
 Determine x̃1112 :



x̃1112 = min α̃1 , β̃1 , γ̃1 , δ̃2
= min ((3, 7, 7)<=6 , (3, 4, 8)<=4.75 , (2, 2, 3)<=2.25 , (4, 5, 8)<=5.5 )
= (2, 2, 3)<=2.25 .
 Add (1, 1, 1, 2) to Eb ,
 Update α̃1 , β̃1 , γ̃1 and δ̃2 as:

α̃1 = (0, 5, 5),
β̃1 = (0, 2, 6),
γ̃1 = (−1, 0, 1),
δ̃2 = (1, 3, 6).
 For all (i, j, l) 6= (1, 1, 2), let x̃ij1l be equal to fuzzy zero and saturate c̃ij1l .

Then, repeat until all x̃ijkl variables are determined.
(0)
(0)
The initial basic feasible solution given by FLC4 is: x̃(0) = x̃B ∪ x̃H where
n
o
(0)
(0)
(0)
(0)
(0)
x̃B = x̃1112 = (2, 2, 3), x̃1121 = (0, 2, 6), x̃1222 = (−6, 3, 5), x̃2221 = (−6, 2, 6), x̃2222 = (−4, 0, 12) .
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The value of the objective associated with x̃(0) is
Z̃

(0)

=<

2 X
2 X
2 X
2
X

(0)

c̃ijkl ⊗ x̃ijkl = (16, 33, 59.5).

i=1 j=1 k=1 l=1

Test of degeneracy
(0)
The number of elements of x̃B is equal to 5 = M − 3; thus, the solution is not degenerate.
Phase 2
The test of optimality in phase 2 shows that this solution is not optimal. Thus, we can improve
(1)
(1)
it. x̃(1) = x̃nB ∪ x̃H where

o
(1)
(1)
(1)
(1)
(1)
(1)
x̃B = x̃1112 = (2, 2, 3), x̃1121 = (−12, 2, 10), x̃1222 = (−10, 3, 17), x̃2121 = (−4, 0, 12), x̃2221 = (−6, 2, 6) .

The test of optimality shows that x̃(1) is optimal. The value of the objective associated with
x̃(1) is:
Z̃ (1) =<

2 X
2 X
2 X
2
X

(1)

c̃ijkl ⊗ x̃ijkl = (14, 29, 53.5).

i=1 j=1 k=1 l=1

5.1.2. Application of the FRAM4 algorithm
 Take Eb = ∅,
 Calculate the reduced costs:

c̃(i=1) c̃(i=2)
c̃(j=1)
c̃(j=2)
c̃(k=1) c̃(k=2)
c̃(l=1)
c̃(l=2)
(6, 7, 9) (7, 9, 11) (6, 8, 12) (7, 9, 11) (7, 9, 11) (6, 8, 12) (7, 9, 11) (6, 8, 12)
Table 3: Reduced costs in the first iteration

 Calculate the reduced costs matrix:

c∗1111
(−29, −28, −20)
c∗1211
(−39, −29, −21)
c∗2111
(−40, −29, −19)
c∗2211
(−37, −27, −17)

c∗1112
(−44, −30, −18)
c∗1212
(−39, −27, −17)
c∗2112
(−40, −26, −16)
c∗2212
(−42, −26, −20)

c∗1121
(−43, −29, −20)
c∗1221
(−37, −26, −17)
c∗2121
(−44, −31, −19)
c∗2221
(−42, −31, −22)

c∗1122
(−40, −25, −15)
c∗1222
(−42, −28, −20)
c∗2122
(−41, −25, −13)
c∗2222
(−44, −28, −16)

Table 4: Reduced costs matrix in the first iteration

 min c∗ijkl = c∗2221 ,
i,j,k,l

 Determine x̃2221 :



x̃2221 = min α̃2 , β̃2 , γ̃2 , δ̃1
= min ((1, 2, 7)<=3 , (1, 5, 6)<=4.25 , (2, 7, 11)<=6.75 , (0, 4, 6)<=3.5 )
= (1, 2, 7)<=3 .
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 Add (2, 2, 2, 1) to Eb ,
 Update α̃2 , β̃2 , γ̃2 and δ̃1 as:

α̃2 = (−6, 0, 6),
β̃2 = (−6, 3, 5),
γ̃2 = (−5, 5, 10),
δ̃1 = (−7, 2, 5).
 For all (i, j, l) 6= (2, 2, 1), let x̃2jkl be equal to fuzzy zero and saturate c̃2jkl .

Then, repeat until all x̃ijkl variables are determined.
(0)
(0)
The initial basic feasible solution given by the FRAM4 method is x̃(0) = x̃B ∪ x̃H where
n
o
(0)
(0)
(0)
(0)
(0)
(0)
x̃B = x̃2221 = (1, 2, 7), x̃1121 = (−7, 2, 5), x̃1112 = (2, 2, 3), x̃1222 = (−6, 3, 5), x̃1122 = (−10, 0, 18) .
The value of the objective associated with x̃(0) is
Z̃ (0) =<

2 X
2 X
2 X
2
X

(0)

c̃ijkl ⊗ x̃ijkl = (14, 29, 53.5).

i=1 j=1 k=1 l=1

Test of degeneracy
(0)
The number of elements of x̃B is equal to 5 = M − 3; thus, the solution is not degenerate.
Phase 2
The test of optimality in phase 2 shows that the initial solution obtained from the FRAM4
algorithm is optimal and does not need improvement.

5.1.3. Application of the FVAM4 algorithm
Step 1
 Take Eb = ∅,
 Calculate the penalties:

p11
p12
p21
p22
p31
p32
p41
p42
(−6, 1, 5) (−4, 1, 3) (−6, 1, 5) (−2, 0, 3) (-4,3,6) (−3, 1, 4) (−3, 0, 6) (−5, 2, 5)
Table 5: Penalties in the first iteration

• max(p1i , p2j , p3k , p4l ) = p31 ,
• min c̃ij1l = c̃1112 ,
 Determine x̃1112 :



x̃1112 = min α̃1 , β̃1 , γ̃1 , δ̃2
= min ((3, 7, 7)<=6 , (3, 4, 8)<=4.75 , (2, 2, 3)<=2.25 , (4, 5, 8)<=5.5 )
= (2, 2, 3)<=2.25 .
 Add (1, 1, 1, 2) to Eb ,
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 Update α̃1 , β̃1 , γ̃1 and δ̃2 as:

α̃1 = (0, 5, 5),
β̃1 = (0, 2, 6),
γ̃1 = (−1, 0, 1),
δ̃2 = (1, 3, 6).
 For all (i, j, l) 6= (1, 1, 2), let x̃ij1l be equal to fuzzy zero and saturate c̃ij1l .

Then repeat until all x̃ijkl variables are determined.
(0)
(0)
The initial basic feasible solution given by the FVAM4 method is: x̃(0) = x̃B ∪ x̃H , where
n
o
(0)
(0)
(0)
(0)
(0)
(0)
x̃B = x̃1112 = (2, 2, 3), x̃1222 = (1, 3, 6), x̃1121 = (−6, 2, 4), x̃2221 = (−5, 2, 5), x̃2121 = (−4, 0, 12) .
The value of the objective associated with x̃(0) is
Z̃ (0) =<

2
2 X
2 X
2 X
X

(0)

c̃ijkl ⊗ x̃ijkl = (14, 29, 53.5)

i=1 j=1 k=1 l=1

Test of degeneracy
(0)
The number of elements of x̃B is equal to 5 = M − 3; thus, the solution is not degenerate.
Phase 2
The test of optimality in phase 2 shows that x̃(0) is optimal and does not need improvement.

5.2. Comparative study
The following tables show a comparative study between the three adapted algorithms FLC4,
FRAM4, and FVAM4 that are applied to solve the four index fully fuzzy transportation problem.
We will treat 13 different problems with different dimensions M × N . For each problem, a set
of data and cost matrixes are randomly chosen for the fair comparison of these algorithms.
Discussion
 These tables show that the proposed algorithms can effectively solve FFTP4 with a large
range of dimensions from 8 × 16 to more than 113 × 630000.
 The results show the robustness of our method in phase 2 when finding the optimal
solution, from the initial one, even in the case of degeneracy.
 The initial basic feasible solution obtained by FLC4 is far from being the optimal one for
most FFTP4 ; its main advantage is that it is quick and easy, and its simulation code is
very simple.
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Table 6: FLC4, FRAM4, and FVAM4 in solving FFTP4
 The initial basic feasible solution obtained by FVAM4 or FRAM4 methods is very close
to the optimal one.
 In most cases, FVAM4 requires less time and a smaller number of iterations compared
to FRAM4 and FLC4. Consequently, this method is preferable to use to solve the four
index fully fuzzy transportation problems with large size.

Solving the four index fully fuzzy transportation problem

213

Table 7: FLC4, FRAM4, and FVAM4 in solving FFTP4

6. Conclusion
In many real-life situations, data from transportation problems are often uncertain. To deal
with such problems, this uncertainty can be modeled using fuzzy mathematics. In this study,
we proposed three approaches (i.e., FLC4, FRAM4, and FVAM4) to determine the initial
basic feasible solution to the four index fully fuzzy transportation. Then, after treating the
degeneracy problem, we initiate the second phase to determine the optimal solution. Of note,
the arithmetic operations used are based on the notion of ranking function. We performed
numerical experiments to test the efficiency and stability of our algorithms. The obtained
results are encouraging and show that the method, in general, provides the initial solution close
to the optimum. The algorithms FLC4, FRAM4, FVAM4 are independent of the number of
indexes, as shown in the numerical examples. Therefor a comparative table can be used to solve
fuzzy multi-index problems. The second phase of the algorithm has shown its robustness and
efficiency for determining the optimal solution in a considerably shorter period of time.
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