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ON CERTAIN CHARACTER SUMS OVER SMOOTH
NUMBERS

KE GonNaG
Tongji University, China

ABSTRACT. We give nontrivial bounds in various ranges for character
sums of the form

Y X(Ri(n))eq(Rz(n)),
neS(z,y)
where x is a nonprincipal multiplicative character modulo a prime g, R
and Rg are rational functions modulo g, and S(z,y) is the set of positive
integers n < x that are divisible only by primes p < y. We also give sharper
bounds in some special cases.

1. INTRODUCTION

It is a central problem in analytic number theory to estimate sums of the
type

(1.1) > F(n),

neN

where N is a finite subset of integers and F : NV — C is a periodic function of
period g. Usually, the sparser the set A is, the harder the sums (1.1) become
to control.

Let x be a nonprincipal multiplicative character modulo a prime q. Ry,
Ry are rational functions modulo g. Assume

Ry = f1/91, Ry = f2/g2,
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where f1, g1, f2, g2 are integral polynomials such that ged(f;, g:) = 1, f1, ;1
are monic, and ged(gy(x)g2(z),q) = 1 for any integer x. As usual, we denote
eq(z) = exp(2miz/q).

In 1962, combining his generalization of the Weil estimates ([11]) with a
variant of Vinogradov sieve, Perel’'muter ([12]) succeeded in controlling char-
acter sums

> X(Ri(p))eg(Ra(p)),

p<N

where p runs through consecutive primes, and R;, Rs satisfy certain non-
degenerate condition.

In this paper, motivated by recent work of Shparlinski ([14]) on linear
character sums over shifted smooth integers, we study character sums in gen-
eral form

(1.2) S= Y x(Ri(n))ey(Ra(n)),

neS(z,y)

where S(z,y) is the set of y-smooth numbers in [1,z]. Recall that a positive
integer n is called to be y-smooth if P(n) < y, where P(n) is the largest
prime divisor of n. We will follow the approach of Shparlinski ([14]) and give
nontrivial bounds for (1.2) in different ranges. For convenience we denote
®(n) i= x(R1(n) ey (Ra(n).

Using some results of Karatsuba (see [6,7] or the survey [8]) on character
sums over shifted primes and Bourgain ([1]) on exponential sums over primes,
much better estimates can be obtained for some special cases of (1.2).

Throughout the paper the implied constants in the symbols ‘<’ and ‘O’
depend only on deg f;, deg g; and €. The letters p and ¢ always signify prime
numbers, x, y real numbers, and n a positive integer.

In what follows, we always assume that Ry, Rs satisfy the condition

1
(1.3) if Ro =ax+Db, then Ry # x, —, or a constant.
x

2. SOME LEMMAS

We need a bound of Perel’'muter ([12]) for character sums over primes.

LEMMA 2.1. Foranye >0 andxz >y > q*Te, we have

> ) <xq

y<p<w
where § = d(g) > 0.

The following two lemmas can also be found in [12].
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LEMMA 2.2. If at least one of x(R1(z)) and Ra(x) is not constant, then
we have

i P(a) < /1.
a=0

LEMMA 2.3. Let K, L, X, Y be integers with 0 < X < ¢q, Y > 0; a
an integer, ged(a,q) = 1; integers 1,11 run through the interval (L,L + Y]
independently. Then
K+X

Z ®(ak) < v/qloggq

k=K+1
uniformly with respect to a, K, and X;

zq: ®(ak)®(akl) < /7
k=1

uniformly with respect to a, I and 1y for all (I,11) with < Y + YT? possible
exceptional pairs.

We also need the following upper bounds for weighted double sums.

LEMMA 2.4. Let K, L, X, Y be integers with X,Y > 0, a an integer,
ged(a,q) = 1. Then for any complex sequence () supported on the interval
(L, L +Y] with |y| <1, we have

3 3 d(ak)| < \/XY(g + 1) (% + 1>q

K<k<K+X |L<I<L+Y q

uniformly with respect to a.

PRrOOF. By Cauchy inequality,

> > w®(aki)

K<k<K+X |L<I<L+Y

<X Z Z 1@ (akl)

K<k<K+X |L<I<L+Y

<X (% + 1> zq: > w®(aki)

k=1|L<I<L+Y

§X<§+1> >

L<l,l,<L+Y

2

Zq: &(akl)d(akly)

k=1
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By Lemma 2.3, the inner sums are at most /g in absolute value if [ # Iy
(mod ¢) and are at most ¢ otherwise (which happens for at most Y (Y/q+ 1)
pairs (I, l1)). Therefore

2

> > w®(akl)

K<k<K+X |L<I<L+Y

<<X(§+1) (Y(Y/q+1)g+Y>/q) <<XY(§+1) (%—i—l)q

as required. O

The following result, which is Lemma 10.1 of [15], helps us to relate the
double sums of Lemma 2.4 to the sums over smooth numbers.

LEMMA 2.5. Suppose that 2 <y < z < n <z and n € S(x,y). Then
there exists a unique triple (p,u,v) of integers with the properties:

(i) n=wv;

)

(i) u € S(z/v,p);

(iii) z < v < zp;

(iv) plo;

v) If rlv for a prime r, then p < r <uy.

3. MAIN RESULTS

THEOREM 3.1. For any e >0 and x > y > ¢' ¢, we have
S < xq °log,
where § = d(g) > 0.

ProOOF. We have

S = Z O(n) = Z O(n) — Z ®(n) + O(z/q).

n<lx n<lx n<x
P(n)<y P(n)>y
ged(n, g)=1

For the first sum, by Lemma 2.3, we have

Z ®(n) < \/qloggq.

n<x

For the second sum, since each integer n included in it can be uniquely rep-
resented as n = kp with a prime p > y and a positive integer k such that
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P(k) < p, then

Yo em)=). >  ®kp

n<ae P>y k<a/p
P(n)>y P#4  P(k)<p
ged(n, ¢)=1 ged(k, ¢)=1
_ Z X(k,deg R1) Z (I)k(p)
k<z/y Ly<p<z/k
ged(k, g)=1 PF£q

by taking L = max{y, P(k) — 1}, where deg Ry = deg f1 — deg gy and the
rational functions in @y, still satisfy the condition (1.3).
Since y > ¢'*¢, we can use Lemma 2.1 to estimate the sum over p, getting

1
Z X(kdegp”) Z (I>k(p)<<xq_5 Z p < zq %logx,

k<z/y Ly<p<z/k k<z/y
ged(k, ¢)=1 p#q
which completes the proof. O

THEOREM 3.2. We have
S < (xyl/Qq_1/4 +q3/2)x0(1).

PRrROOF. We follow the approach of Shparlinski ([14]). Let z be a fixed
real number such that 2 <y < z < z. Then

(3.1) S = Z ®(n)+0(z) = Z Us(p,z,y,2) + O(2),

neS(z,y) p<y
n>z
where
Us(p,w,y,2) = Y > b(uw)
veQ(p, y, 2) uES(z/v, p)
and

Q(p,y,z) ={v:z <v < zp, plv, and if a prime r|v, then p < r < y}.

Writing v = pw, we have

z/p<w<z |u€S(z/wp, p)
We can assume that
(3)%°
(log 2)°73
since otherwise the result is trivial. Thus p # ¢ for any primes p < y for which
we need to estimate Us(p, z,y, 2).

We now partition the summation range of w into level sets and bound
Us(p,z,y, z) by the double sums of Lemma 2.4.

(3.2) y<g<
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Let us fix some real number A in the range

(3.3) y/z < A<1/2
and let
M(p, z) = {%(1+A)j L0<j< N,,},
where
_ log(2p) -1 -1
p = Log(l A < A7 logp < A7 log z.

We also have

Z A2 ¢ A1,1/2 and Z A—1/2 <<A’1(p/z)1/2.
AeM(p, z) AeM(p, =)

Since for A < w < A(1 4 A) we have

T x Az
< - =dp wp s Ap

and AA > 1 for all A € M(p,z) by the assumption (3.3), therefore

|U‘1>(p7xayaz)|

> >, ®pww)

AEM(p, z) A<w<A(1+A) |ueS(xz/wp, p)

Z Z Z O (pwu)| + O(Az/Ap)

AEM(p, z) A<w<A(1+A) uweS(z/Ap, p)

Z Z Z O (pwu)| + O(AQx/p)

AeM(p,z) \A<w<A(1+A) |ueS(z/Ap, p)

Z W(p,z,z,A) + O Z A_Qx ,

AeM(p, z) AeM(p, =) P

IN

IN

IN

where

A<w<A(14+A) |ueS(xz/Ap, p)
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Applying Lemma 2.4, we obtain

12 /4N 1/2 . 1/2
1/2 el o= v 1/2
Wip.e.z 4) < (48) (Ap> < q +1) (Ap\/@Jrl) !

<(qu) (Ax+AA+ T +1>1/2
“\p p*? ¢ ApJq

Az AAY2z1/2 AV2401/4 AL/251/241/2
= pgl/4 + pl/2 Al/2p pl/2

Consequently,
Us(piyo2) <3 43,42, +D 4D
where A )
x zlogx
> =—x 1< —r
1/4 Z 14
L pq AeM(p, 2) pq
Agl/2 ) 21/2,1/2
_ 2 g2~
22_ pl/2 Z A < pl/2
AeM(p, z)
A/ 2gq1/4 . g/t
_ /2
ng D Z A” < A1/2 1/2 1/2°
AeM(p, z)
Z B A/21/241/2 Z > 21/2q 2 1og &
4 p1/2 A1/2p1/2 ’
AeM(p, z)
A? Azl
R R
5 p p
AeM(p, z)
We choose
1/2

L zq\/?
N A

to balance the bounds on Y, and 3, as O(z3/4¢'/8A=1/4p=1/2). Then we
choose
A =g 1g?? 10g4 T

to balance the bounds on Y, and 3°, as O(zq~/*p~/2log™" x). With this
choice we see that >, < ¢%/?p~'log® .

g2\ /?

A

(3.2) imply that (3.3) as well as the condition # > z > y is satisfied for the

above choice of z and A.
Therefore

Us(p,z,y,2) <

-2

We have z = = zq /2 log

x. Therefore the inequalities

zlogx L x L % log’ x zlogz  ¢3/?log®
pgl/t g /A2 log x D q/4p1/2 P :
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Summing this up over all p <y and using (3.1), we obtain:

xlogx % log’ x 1272
§< Z (q1/4p1/2 + D tag "log

p<y
< I1+°(1)y1/2q_1/4 + q3/2$°(1) + xq_l/Q 10g72 x.

The third term never dominates, which completes the proof. O

4. SPECIAL CASES

In this section, we give sharper bounds in some special cases of (1.2). All
of them are consequences of the corresponding sums over primes.
i) For the linear case

> x(n+a),  gedla,q) =1,
nes(z,y)

nontrivial bounds have been established by Shparlinski ([14, Theorems 4, 5]).
ii) For the quadratic case

> xl(n+a)n+b), a#b (modg)

neS(z,y)

we can deduce the following theorems from the estimates of Karatsuba ([7,
8]) on character sums over shifted primes and the double sums estimates of
Shparlinski ([14, Lemma 2]).

THEOREM 4.1. There exists an absolute constant ¢ > 0 such that for any
>0 and x>y > ¢*/*t¢ we have

S x((n+a)(n+b) < 2g7 loga.
neS(z,y)

THEOREM 4.2. We have

{(:cyl/qu/2 + ¢?)z°M), ifab=0 (mod q);

Z x((n+a)(n+b)) < (xy'/2q= 1% 4+ @322 ifabZ 0 (mod q).

neS(z,y)
ili) For Ry(z) = ZZ—E‘;; is not constant or linear, Fouvry and Michel ([3,
Theorem 1.1]) established the following estimates
(4.1) > eq(Ra(p)) < a?/32P/ 16+
Pz

with any ¢ > 0, 1 < x < ¢, and the implied constant depends at most on
deg f2, deg g2 and . Obviously (4.1) is nontrivial for the range ¢/t <z <gq,
thus we can bound the corresponding sums over smooth integers as follows.
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THEOREM 4.3. For Ry(x) is not constant or linear, there exists an abso-
lute constant ¢ > 0 such that for any e > 0 and x >y > ¢5/7¢ we have

Z e (Ra(n)) < z¢°logx
neS(z,y)

for some 6 = d(g) > 0.

iv) Since Bourgain ([1, Theorem A.9]) improved (4.1) for the cases
Ro(x) = axz™! + bz or 2% + ux, k,u € Z, k < 0, we can immediately im-
prove Theorem 4.3 for such Rs.

THEOREM 4.4. For Ry(x) = ax™! +bx or 2¥ +ux, k, u € Z, k < 0, there
exists an absolute constant ¢ > 0 such that for any e > 0 and x >y > ¢*/>*¢
we have

> eg(Ra(n) < xq ’loga
neS(z,y)
for some 6 = d(g) > 0.

5. REMARKS

We note that Fouvry and Tenenbaum ([4]), Maier ([10]), de la Breteche
and Tenenbaum ([2]) have studied exponential sums with multiplicative coef-
ficients over smooth integers. Particularly, they give nontrivial estimates for
sums

> x(n)expmind) = Y x(n)ey(an)
neS(z,y) neS(z,y)
for various ranges of ¢,  and y, where ¥ = a/q, ged(a,q) = 1. However, we
remark that these results are not included in the present paper, since we are
bounding the sums (1.2) under the condition (1.3).

Since the method of Shparlinski ([14]) can also be applied to similar char-
acter sums (for example, see Rakhmonov ([13])) modulo a composite number,
we remark that one can obtain much better bounds for some special moduli.
For example, Kopaneva ([9]) recently proved some strong results on sums of
characters modulo a power of a fixed prime numbers.
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